
 Lecture 2 - Math 201a
&Katy Craig , 2026
Recall :

Thm Nitalli) : There does not exist
-

M
: 24- > [0

,
+0] that satisfies

M([a ,b]) = ba for a =b , is
countably additive , andtranslation invseriant I

additivecountably- ,
n= +&

-

~
additive if

DefinisfiniteaX disjoint,
u(UE, )=MIE



 Zemma I : Given
- (Monotonicitya set X and u

:2x-> [0 ,+0]
fire additive, thentely↓ A

,
BEX,

A = B =>u(A) =u(B).



 Two good choices
:

measures· don't torequire M 2Rdefined Or all· still define M om all 2Rd
but replace countable

additivity with &countable subadditiv

E SEBI-
ty

- outer
&

disjoint*

= E measuresM) Ei
i=,
M(Ei)

Measures

Let X be a nonempty set.



 is am algebraDef:et, , of X if it is
Moramp ty andI
① EEiBi , Est= Eitzt
& EEzA= ESCA

Lemma : If it is an algabra,
then
* * EZA X Ec
② [Ei3E ,Ec=EiEet

Defict E24 is ao -algeb&
of subsets of X if it is
am algebra and it's casedunder countable unions.

↓

[EiBi,=A=Eit



 &: A 6-algebra is also
closed under countable
intersections.

Lamma : An algebra et-

that is closed under countable
-

disjoint unions is a G-algebra.
↓

[E :3iE, = 2A
,EidisjointEieet

O HWE
,
Q1

Ex :

E

(i) 2 = 24 3
-algebras

(ii)2 = 50
, x3 notas-algebra

↓ if I 1 = + W.

(iii3 2 = Sall finite andcofinite
subects of XB



 a normpDef
:Ever ty set Xand a -algebra zU = 24,

We call IX
,
el) C

measureablespate and
Eec a measureable set
-
>

⑳p :Given EE24
,
there

exists a smallest/6-algebra
containing E , which we-denole eM E)

,
and refer

to as the -

algebra
-

>
ye
.generaledthat

is , all other G-algebras& E satiscontaining fMIE)=F.



 O ⑩
Claim

:Giver ty-> normp
collection jango-algebra
om X then

S

N2 := EEEX : EEC VetEE
is a 6-algebra . "eguiw..

eta ,
E =Setake

Of of Claim : HW2
,
Q2

Let I be collection ofal
G com E

.

-algebras tainingSince 2x =2 C is nonempty,
so

, byclaimas-algebra.



 Since Eat for all in E ,
EIME

.

Finally , if I isasalguacomtwining
E
,

so MEET
.

Therefore ME =2M(E) .

W

Recall
-

> topology
T on A

isa collection of subsets
of * that
& contains & and X
· is closed under arbitrary
unions and finite
intersections

The elements ofT , TET,
are called -ets .open



 Let(X ,
T) be a topological

space .

-

algebra---DefTheBe eBix
,
is the

E -algebra generaled
-

byT
. its elementss
-

called Brelsets.

Prop : The Barel G-algebra-

of R , denote BIR ,
is

-generaled by each ofthe following
:

(i) open intervals, E1
:=[la

,
b) : a <B3

(ii)closed intervals
,
Ez : = [[a

, b]
:
a = 33

(iii) halfopen intervals ,
[3 := [[a

,
b) :a= b3

liv) open rays, Ex
:=Ela ,+d :atH3



 EHW2 , Q4

-

measures

Def: Given a measurable

space (X , 24) , a measure-
is a function Mich

->8+&]
S

.

t.
(i)M(4) = w
(ii) given EEIBIE,E disjoint,*

M (Ei)= u(Ei).iF

We call IX
,
eM

,1) a
measura space.



 Ex : /Birac mass/Dirac measure)
~

IX
,
24) = (x

,
2x)

For XoEX
, define

u(A) =51 if xoEA& if XoA
Often denote M

= 8 x.
measure)ExKounting 2x)

u(A) = 1A1 =# of elements in A .

Thm: For measuri

space (X,an) and A ,
Bee,

EAi3 :E, Fell,

(AEBEULA
=>

BATM
(BLA) =n (B)

-u/A)
↑ B

u2



 (iii)u).,=.dist
"countable Subacklitivity

(iv) AiSAit , ViEIN, ↳3

&Az

M(Ai) =iage [Ai) OA1

"continuity from below"
↓) Ai ? AitI VieN ,MCAtoA,

u (Ai) = lime [Aj)-
I-]am &Az

&Az

"continuity from above"
Pf :
(i) See Lea 1 .

(ii) n(B)
=M((BLA)UA
=

M (BLA)
+m(A) ,M

M(B) -(A)
=u(BIA)



 (iii) Define B , . A
, , BaAzAy --

... BriAnlY" Ai
i

Than Bn are disjoint and
Bu = * Ai.

i =

Bysuntableadditi,
=[m(Bn)) BueA
=Em/An

(iv)

Define BiFA , #
Braf AntilAn

Than En3n , aredisjoint



 and Bn=A..

Than
,
VnEIN

,u(An) =u) , BK
↑

=[m(BK),
lim

so nzop(An)=m(BK)
=u) BK)
=

u ( .U,

Ai)
A

,

Define Bi
=AIAi.

OAz

C

↳
B construction ,

y BiBitI NiEN.



 Furthermane
*

· Bi=(,Ai=A , Rai

= Ain(Ai 4= A , n (Ai)
= A ,
1(Ai)

.
E
,
Bi

Therefore,
uSAI) =u Ai)

+M(Ai)
(iv) I ↑Ai

= liM(B + M).
,

Ai



 Sincepe(A)
40
,

u(Bi)=CA,Ai
Sil ↓FulA,ulAi

... -im M(A1)-u(Ailt M).
,

Ai

Since le (A1)
<+ N

, subtractingfrom both sides...

O = -!M(Ai) +uC
,

A
& ↑

M (A .) +a

and Ai ? Ai+
ensures finite

!om(Ai) =m)A
,

Ai *


