
 

Let X be a nonempty set.

Lecture 3 - Math 201a
&Katy Craig , 2026
Recall :

algebra~-Def:et2is a i it is
M - andoram tyI① EEiBi , Est= Eitzt
& EEzA=> ESCA

Lemma : If it is an algabra,
then
* * EZA X Ec
② [Ei3E , E2)= Ei tet

1 = (



 Defict =24 is a6-algebra
of subsets of X if it is
am algebra and it's closedunder countable unions.

Lamma : An algebra et-

that is closed under countable

disjoint unions is a G-algebra.
Ex :

(i) 2 = 24 --algebras3(ii)2 = 50
, x3 notas-algebra

↓ if I 1 = + W.

(iii3 2 = Sall finite andcofinite
subects of XB



 
:Ever a normp Set XDef teyand a -algebra zU = 24,

We call IX
,
el) a

measureablespate and
Eec a measureable set
-
>

⑳p :Given EE24
,
there

exists a smallest 6-algebra
containing E , which we-denole cMJE)

,
and refer

to as theo -algebra--
generatedby2.



 Let(X ,
T) be a topological

space .

-

algebra---DefTheBe eBix
,
is the

E -algebra generaled
-

byT
. its elementss
-

called Brelsets.

Prop : The Barel G-algebra-

of R , denote BIR ,
is

-generaled by each ofthe following
:

(i) open intervals, E1
:=[la

,
b) : a <B3

(ii)closed intervals
,
Ez : = [[a

, b]
:
a = 33

(iii) halfopen intervals ,
[3 := [[a

,
b) :a= b3

liv) open rays, Ex
:=Ela ,+d :atH3



 
-

measures

Def: Given a measurable

space (X , 24) , a measure-
is a function Mich

->8+&]
S

.

t.
(i)M(4) = w
(ii) given EEIBIE,E disjoint,*

M (Ei)= u(Ei).iF

We call IX
,
eM

,1) a
measura space.



 Ex : /Birac mass/Dirac measure)
~

IX
,
24) = (x

,
2x)

For XoEX
, define

u(A) =51 if xoEA& if XoA
Often denote M

= 8 x.
measure)ExKounting 2x)

u(A) = 1A1 =# of elements in A .

Thm: For measuri

space (X,an) and A ,
Bee,

EAi3 :E, Fell,
(i)

AGBFM(AEM(ii) AEB
=>/BLA) =n (B)

-ulA)



 (iii)u ( .U, Ai)= M(Ai)

"countable subadditivity"
(iv) AiSAit , ViEIN,
M(Ai) =iage [Ai)

"continuity from below"
↓) Ai ? AitI VieN ,MCAto
u (Ai) = lime [Aj)

I-]am

"continuity from above"
Ex : (IN ,

ZN
, M) , mis countingmeasure

Ak := EnzIN : n[k3



 M(A .
) = +a

u(Ai) =(A) = 0
*

lim M(Ai) = Iim(N)

Measure TerminologyIX ,
e

,M
·

u is a finite measure if
MIxtoI

·

u is a dafinite measure
if J [EiBi= fels .

t. JEi =X
and u(Eil+ Vi.

i = (



 
·

EEX isanseit
-· We S

ay
C properly holdsalmos where if+
every--the set of points onwhich it fails is a

null set S

↓
Ex : Suppose f

:XER.
Them f = 0 a. e. if
Ex : f(x) 703 is a null set.



 Return to our original
goal of defining &measure that respeatsI 1

our us
in R&

ual notionof size
To prove such a measure
exists...

Outer Measure
-

Def
: An outer measure

on X isa function
MP

: 24 -> [0 , +0] such that
*(8) = N(i)M(ii) ACB => MP (A) <M

*(B)

(iii)M
*(8

,
Ai) =[M

*(A)



 RmK
:

liilt(iii)E If ECAi
,
than

u(E)[, M
*(Ai)

Ex : Jabes outer measure)

Define usgue2R - [0+ 8) by
M
*(A)= inf3 bi-ai :A (ai ,bi

um T

"Sigeofcoveringgg
aibi

c mues un >

A



 We will show :

·

ut is an outermeasure
·

u
* ((a

,
b]) = ba

,
a b

·

u
*
is translation invariant

....ut is not countablyacitive :
But it will be countublyadditive when we restrict
it to the "right "G-algebra.
& Given an outer measure

M ,
what is a 6-algebra

o which it is coun
additive ? tably
# Caratheodory--algebra.

tSadly
, not the larges --algebra

onwhich countably additivee....



 
=>

↳ef:Given an outerasas AEX
ayis M

*-measureable if
M
CID

M
* (ETFU
*(E MASTM

P(ERA
,
VEEX.

"A breaks apart all other
sets nicely
Mux = [A & X : A ME macsureable3
↑

Caratheodory-algebra.
Rik : For

any
A

,
EXX

, we

always have
"1" in ()

so -to show A isut-meas C

it suffices to show "



 Thr S 7 : Given
- canatheodoryar outen measure ut,
libel EMt is a

-algebra*(iile is aressure
onc

=>

We begin with some

preliminary results...
Prop : For

any
outer measure

-

M (B)=U
,
thenif we

Beze.

O: Fix ExX

It suffices toArbitranis
monotonicity-

u
*(E) =MENB=ENBLDB



 Rop
:

sil elp is algebraliilMcM is finitelyadditive↑EEX
(iii) Given EBi3iE, Ezm disjoint,

M
*(En(

, Bi)= M
P(EMB)

VEEX.

P
Since MP(X) =O , by prev
prop, Geel so MuxM2 ;
is

nonempty
.

Further Mus is closed
under complements by



 symmetryofad in A andA
To see Mr is closed under
finite unions , it sufficesto show

A
,Beeux = AUBEEMP.

Suppose A ,BECM Fix EEX.

UP(E)=u
*(ENA) +M

Y(ENA4

FUCERASAUCERANB)
ENCAUB) TMP(ERB

(AUB)
=NAUCERARBL))

+MER(AUB
=

U
*(ENCAUB)+M(EN (AUB)

Thus
, AUBEZM .



 Thus M is an algebra .

alow
, we prove (iii).

Fix EEX
, EBIZE, EzMdisjoint.

We proceed by induction.The base case wi /

clearlyhols :

Suppose the result holds
for 21. .

u
P(En(

, Bi)
=(En(UBi) 1Bn)M (EnCBilnBn)

-ME1BUMPER(i)get
e



 This shows (iii)

Property(ii) then follows
bytaking E=X.

PROPEEX
, EBIEEEMMEdisjoint.

uPE)=MPERBI)+M
*(En!Bi)).


