
 Lecture7- Math 201a
&Katy Craig , 2026
Midterm 1 : Tuesday ,

October20th
9tW due Thursday , Oct 22nd

Inm : Suppose ne is a finite
Borel measure on R and

define
F(x) : =u((--,x]) .

Than
↓ right cts(i) F nondecreasing(ii) MIE) =MFCE) FEEBIR



 Lemma : Given F :R-IR nondecreasing--

right cts , VEEMUE
MF/E)= ingMfllai ,bil) : EE.Cai ,bi↑

aibi

Tm (Regularityof
L-S measure)

Suppose F. IRAR nondec
, rightats .

For EEMUF

ME) = ing Ef (2) : Hopen ,UE
=

sup [MF (K) : Kapt , K2E3



 Integration
Given fix -> Y EEY
fCE) := ExEX :fix) -E3

Recall from HWI :
· f "(Y Ec) = If "(Ed)
· f" (REd = AfEd
· f-/(EC) = (f(E)

Suppose (X ,M) , (Y ,M)
are measurable spaces. Than
the following are 6-algebras :

Ef"E) : EER3 "pullback of 86"

EECY : fE) =93 "push foreward
of gy"



 eff
:Xxis
1) -measurable if , for

all EEG
,
f-YE)EM.

"The preimage of everyis measureable"measurable set
#

Ef"E) : EEN3 E gb
#
EECY : fE)-9329

Important case
f : X -> R

When f : X ->R
,
we will

suppose the range iSendowed with BIR.
BIR



 Degif : /R-IR is Lebesquemeasureabl if it is

M, BR)
-measureable

Given X
,
Y topologicalespaces,fix -> Y is Barel measureable

if it is (Bx
,
BY)- measurable.

Rmk : f :R->R.

fisBaral -> fishab
esgue

measurable
-

measure able

We will see on HW4 that
BIR & MxP



 Prop : Given measurable spaces-

(x
,
M) and /Y

,
92) where

Th is generated by E
=2Y,

than
· f is (M

,
1)-measurable

* FEEE
,
-EJEM.

Of : "H" follows immediatelyfrom defn.
We now show "T

.

"

By hypothesis,
EESECY : fE)-93
Since M(E) =M and

pushforward isa 6-algebra,
NESECY : flt) =93. ↑



 O On HWB , you showEla
,
+x] :at IR3

generate BIR.
"H" follows immedia
defn .

telyfrom

"M" follows from proposition .

=

Example :If (x,M) isa
measwreable space , define=>

f:X-> IR by
f(x) = a FxEX

fore atR than fis2
CM
, BR
-> - measuratta

.



 Car : If X and Y are

topological spaces, thancontinuous functioneverore measurabl

Of
: Since fats

,
FUEY,

Hopen, f-') is open ,
hence f-U) = Bx.

Since E= SUCY, Hopen]
-

generals BY , the result
follows from proposition.

Car : If (x
,
M) is a

~

are andmeasureable sp
f : X-> I than
· f is IM

, BR&
- 1-measureabl

· f "((a
,
+ x])EM FatR.



 

f " (la
,
+03) =&
* if

& ifcla

We always have X ,
0EM.

Thm : Fix a measureable
-

space /XM) and Efi3 :E ,
S

.
t. .

I

fiix -> F and fi is
1M
,BR) - measurable.

Then the following functionsare also I
,
BF) -Measurable :

convention

(i) f1 ++2= (+ 8) + (-0) = 8
(ii) fifz = 0 . (8) = 0
(iii) farf2
livifinfz



 4) Supfi
(vi) inffi
Nii) limsupfi

i

(viii) liming fii

lix) limfi ,
as long as !fil

exists for all xEX
.

~Pote : (fvg)(x) =max[f(x) , 13g(fng((x) =min [t(x) ,glB
Ci : HW4
(iii[ ,~f2)"((a,

+03)
= ExzX :(ivfz)(x ab
=ExEX: f , (x) >a3UExEX : felxa3
= fi'((a

,
+a]) Ufi'lla

,
+x])



 Since fi ,fr measureable,
this belongsto M FatR.

(iv) -2-firfe =f ,Nf
sum of meas is meas by (i)

(1) (f
,vfz) is measby (ii)

( (Supfil"((a ,

+03)

= ExEX : SYPfi(x) >a3
= [xxX : 7 ist

.
filx) >a3

*

- U [xxX : filx) >a3i = /
&

= fil) (a ,+0]) emsine
Efii , meas .

Asicle :
"TR2 -> I ats81
,
f2 :Xt R meas

gulfz ,fz) is meas ?



 (vi) follows from previous
parts by multiplication
byF2

(ii) limsup fi = in sup fi
KEIN iIK

followsfrom (v) , (vi)

(viii) same as previouspart..

(ix) iflim filexists XxEx,
i->X

lim fi = limsupfi, sui ->X

follows from (vii)
.



 Remark : Consider fig
:RtR

f Borelmaas => fogBarelmeasBorel meas
=g X
CORRECTION

(og)" (E) = gTI-YElII

Ex : fogIxEE3 = Ex :gIEf "lEl3

f LabesquemeasfoglebesqmeasBorel meas
g
f Borel meas => foglebesqmeas
gladesquemeas
GEBR gFEREYGEGEEB



 Key idea of Labesque integral
:

flx

#~HIT,↑
X

Riemann Lebesque
Simple functions
Def : For any

AEX
,
the

indicator function of A is
x E A[A(x) := &E
x =A



 "1A(x)

*

Q 'xe

.
When is an indicator

In measureable?

1J/B) =5
0

,
1EB
IEB 8 AB

S

As OEB , 1 EB
X U

,
1 EB

Thus if AEGM, 1A is
I , BIR1-measurable .


