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Integration
Suppose (X ,M) , (Y ,M)

saces. Thanare measurable st
the following are 6-algebras

:

Ef"E) : EER3 "pullback of 86"

EECY : fE) =93 "push foreward
of gy"



 eff
:Xxis
1) -measurable if , for

all EEG
,
f-YE)EM.

"The preimage of everymeasureable"measurable set
#

Ef"E) : EEN3 E gb
#
EECY : fE)-9329

Important case
f : X -> R

When f : X ->R
,
we will

suppose the range iSendowed with BIR.
BIR



 Degif : /R-IR is Lebesquemeasureabl if it is

M, BR)
-measureable

Given X
,
Y topologicalespaces,fix -> Y is Barel measureable

if it is (Bx
,BY)- measurable.

Prop : Given measurable spaces-

(x
,
M) and /Y

,
92) where

Th is generated by Ex2Y,than
· f is (M

,
1) -measurable

* FEEE
,
-EJEM.



 Car : If X and Y are

topological sp thanaces ,
continuous functionevera measureabl

.

Cr : If (x ,M) is a
measureable sp and&

f : X-> I than
· f is IM

, BR&
- 1-measureabl

· f "((a
,
+ x])EM FatR.

~Pote :

(ugl=maxEg



 Thm : Fix a measureable
-

space /X ,
M) and Efi3 :E

,
S

.

t.

fiix -> F and fi is
1M
,BR) - measurable.

Then the followingfunctiaare also
T

convention

(i) f1 ++2= (+ 8) + (-0) = 8
(ii) fifz = 0 . (8) = 0
(iii) farf2
livifinfz
4) Supfi
(vi) inffi
Nii) limsupfi

i

(viii) liming fii

(ix) limfi, s longasfisaexists



 Key idea of Labesque integral
:

flx

#~HIT,↑
X

Riemann Lebesque
Simple functions
Def : For any

AEX
,
the

indicator function of A is
x EA[A(x) := &E
x =A



 "1A(x)

·
Thus AEME1A isS

I , BIR1-measurable .

Def
. A CM,BRImeasurable

function f :X-R is a
-function if f(x)simple
is a finite set .
The standard representation
is



 f(x)= Ci1E:/)

where f(x)= ECz
,

22, . . ., (n)
Ei =F((i) ↑
Y distinct

note that [Ei3 :E,

form apartitionofX

RK/s Standard rep annoyingconsider f :R ->R
,
fIAE 2.

f(x) = 21 (x) = 2170
,03 27*↑

standard rap

Def
: Given a measure space

5x
,
M,) and ative

simple functiononnegth
standard representation



 f(x)=Ci1E ,1)

we define 8. +N =O

M ↓ /so 30dM =0

Sfdp := ziplei)
and

,
for AEM,

Ifdu := If - 1xdu
A
=>

- =>i&
=> =>

RmK : f(x) =5 if xeCodxEC-N
,
2)

Wish could
Sfdx = (1) . defineito) + (17 . x(70

,
)

=



 We will deal with this later...

fre now , only integrate
Inonnegative functions

RK : Notation for integras
Stdu = If(x(du(x) =Sf(du(x)
Sfdu

=

Sf(xdu(x)
f(x) = g(x) xxEX again,

Prop : Given a measure 8 . (+8)=
-

space IX ,M ,u) and -)simple functions - ,g
: x ->[0 ,+6)

Dif C = U, Safde =cSfde
②SH·Fegdengangdm



 ⑧ The function
At fdM

is a measure on (x
,
M).

Rmk : Parts& and ensure
-

defi ofStar is independantof how we repre
semt

fas 2 lineal comb .a finite
of I ndicatal fr-standardrep
-
M ~

that is
,
if f=CifE ,

=

.
Ed

therfodeciM(E
I~

⑦djulS ,7 duSdjAFO



 O
0 If z = 0

,
then af=0

,
so

Scfdu = Om(X) = 0.

OTOH
, for any Ifamz

20 ,+0],
We take convention

cSfdu =0. standard
↓
M

If <>0 3 let
f = ECilEi.

Them cf= CC : 1 Ei.
i=

Standard

Thus, defnofintere,
=Cim(Eil = aSfdM.



 ②hat standard
↓ ->

m

f= CiZEi , GE Edj7F
Since EE :3 .E

, EFj3j partition
ENFj , FJFFNE
j=

Thus,

SfdntIgdni) + [djn(Fj)
= [Cip(EinFj)+ [djn(EinFj)
iij i j

= [(itdj)u(EiRFj)
ide~

= [ [litdj(Ein =])
el iij :Citdjan



 = xeu(Ge
=

SAtgldp

Htg(x)
= Ex....=

distinct

&driforsameis
Ge ==

(fty)"(ce).

③Suppose fEgand
I

f= CizEi , G=Edj7Fj
Than whenever EinFjF4,
ciFdj. Thus,



 Step = Sain(Ei)

-CiplEiRFJ
= [Aju(EinFJ)
= [Aju(Fj)
y

=

Sydn
④ Let ~(A) = Sfde.
This is anonnegative function
on M.

Q
~ (Q =SfRm = 3 dm =On



 Finally , for EAKBI , =M disjoint,

~(AK) = If1Add
= Gile : 7. And
= CiSteink] &M
= CiMinA)disjoint->

=CiMlEinA

= Sflapde

=U(Ai ↑



 Integration of nonnegativemeasureable functions
I

,
M

,),DefGiven] measureable,
Ifdm :=Sup[599m :&simple ,09=F
Rik :

ITIf - is simple ,
this agrees

w M . 0 :H87 =0previous def(ii) If c = 0 , Safdu = cSfdu
If <>8

...

Jefdu=sup[599m
:&simple , 019E73

=sup[SEdu :Esimple ,UEB



 

=sup[Qu:simple ,OF4EF
=CsupEJQu:simple ,OF4EF
= cSfdM

(iii) If f =
g
then Ifdu=Jgqu

since costraint set

fer f contained in
constraint set fr g.
-
-

Major motivation for

going beyond
Riemann

integral was difficultynobtaining weak enougconditions to ensure



 

Shafdu=Sfde.
suchOur first examples-

a resull for queintegral...
Thr : /Monotone Convergence)-

Given [fnJuE :X-[8 ,+a]
measureable st . frFfnt /n

,

Lima IfdM = Shofndu.


