
 Lecture9-Math 201a
&Katy Craig , 2026
HW5 due Sunday
,
November 1st

Def
. A CM,BRImeasurable

function f :X-R is a
simpleunction if f(x)
is a finite set .

The standard representation is

f(x)= Ci1E:/)

where f(x)= ECz
,

22, . . ., (n)
Ei =F((i) ↑
Y distinct

note that [Ei3 :E,

form apartitionofX



 Def
: Given a measure space

ative5x
,
M,) and

simple functiononnegth
standard representation

f(x)=Ci1E ,1)
8. +N =Owe define
↓ /so 30dM =0

Sfdr :=iplei
and

,
for AEM,

Ifdu := If - 1xdu
A



 RK : Notation for integras
Stdu = If(x(du(x) =Sf(du(x)
Sfdu

=

Sf(xdu(x)
f(x) = g(x) xxEX again,

Prop : Given a measure 8 . (+8)=
-

space IX ,M ,u) and -)simple functions - ,g
: x ->[0 ,+6)

Dif C = U, Sa fdu =cSfde&
=>

=S
②SH+gld

= Ifdm + Sgdm
g Sfdm gdm

function
At fdM

is a measure on (x
,
M).



 Integration of nonnegativemeasureable functions

Def
: Given I

,
M

,),
f :X - 20 ,+0] measureable,

Ifdm :=Sup[599m :&simple ,09=F
Rik :

ITIf - is simple ,
this agrees

w previous defn . 0 :H87 =0
(ii) If c = 0 , Safdu = cSfdu
(iii) If fFg ,

then Stdm=Jgdu



 Im : /Monotone Convergen ce
Given [fnJuE :X-[8 ,+a]
measureable st . frFfnt /n

,

Lima IfdM = Shofndu.

inc frefetifm,
· limafn(x) exists xEX
· Standu = Ifntid=a Sfndm

exists

To see" note that futhofk
so Sfndm =Sfkdu VnEIN.

We now show "1"
*



 It suffices toshow hasfnde
isan upper bound for

[S9Qu :&simple ,09 Lofn3
Choose simple s .

t .09 hofn.

Fix at/ ,Darktravy.
⑧If 9(x) F0

,
a9(x)<ofn(x)

Ec

Define En
=Ex : fulx) =a 9k

Aside on measurab

En := Ex : fn(x) -a9)lity
= (fn-a9)"(20 ,

+0]]
·Since fnEfntl
,
E ,
= EzE .

-

· Furthermore ~ En= X
,
since

ma
· if970 = NS .t. n=N

3
ensures xEEn

↑
= if9/1 = 0

,
xxEn

,
UnEIN.



 Thereforefr = =Enfn futEn?99
&

Sfndusfu =Sadeagan
&

Sendingmt
+N
... Alsade

A

is a measure

continuity from
-> below

linSfndu=to a9dmFaS9
*

Sending a+1 gives that

linSfndu ? 59dr
.



 To prove things like IftyduIfdtgdr
we need to approximate
meas . Fr bysimpleneg
↳: Given f:X -> [0+2]
measureable

,
there exists a

fin ativeseguana of nonnag
simple fu St . fn9f
-

pintwise. =fu=fut , and Imtofnof

Of For me20 ,1 ,2,3,chopup the range
of fCupto height 24) in

ht 2nincrements of heig
# xflx *

↓
falx)

fol
↓



 Fu= f- (24 ,
+ 0])

Ex = f //k 2-M ,
(k+ 12n])

fee K
=0, ..., 222 _ /

222-1

fn= K21EK + 2"1Fm

propertiesKan =Fntil VxEX
· O [f(x)-fnlx] ↓ xEX
· flx)-fulx)= 24 xEFn"

*If x EE,

Fn than 7 NS .

t.
S

xxFn" m = N , so
O = f(x) - fn(x)=2-n= N.

Hence limofn(x) = f(x). .

If,Fu then f(x7 = + a



 and imfn(x)=im 22=+o=f)
~

D

Ihm/Beppo-Levi) Given
Efn3nE : X- > [0 ,

+ 0] measurable,
than

↳Endu=, Ifndu
Of First fix f:x

->[0 ,+23
g

meas. B pres thr,&
759 :3 .E [4 : 3 := simple,

tive s .

t. Giff
, Yitgnonneya

pointwise .

Note that 9: +4 ; 4 fty
.



 Thus,

sttgdm =S19i + M .)du
↓ Monotone

=ima S(9 + 4 ; Ice
Convergence

↓ linearityaginatfi
=Pidu +Midu
= ]Gidm+wider

↓Manotane Conv

=SoGide + !Earide
=Sflu + Sgdm

Likewise
,
FNEIN,

Sfndu= Ifndn



 Applying Manotarie ConvergencehearemI again , as N-w ,

MCT N
like·fndu= N-wfndune

↓ *

increasingseguanceof nonneg measfas.

One more theorem on

interchanging integral andlimit...

Thm (Faton's Lemma) :
--

Given EfnInE :X -> [0 , + 0]
measurable

,

liming Ifndm= Jiminfn du



 Of
: Bydefn , gK

is increasing
liningfumfua

ByMCT,

·gkde=Stegidu:Stingfnde

"sgnde
For any

kEIN
, grEfK , so

Sgide =Sfkru and

"Sginde art Jfkdu. 5



 

~
artant Examplestomp

of Fo requality
IX

,
M

,m) = (IR ,Mx, 1)

Ex : /"runne
y away trinfinity")

fr := 1[n
,
n + i],ofn= O

1 = liminf Sfndliming fndx = O

Exi)"going up the spout"
fr := m 1[0,3,fnx)- *

=L

S 8 XFJ

1 = limifnde Sliminafndx



 In the second examplee...


