Question 1

Practice Midterm 1

MATH 201A: HOMEWORK 3, QUESTION 10

Solution

(i) Let
F ={(a,+] : a € R}.

Each member of F is open in R, so

M(F) C Bg.

For the reverse inclusion, observe that, for every b € R,

3z

(R\ (b—1/n,+00]) € M(F).

[70076) =

n=1

Consequently, for a < b,
(a,b) = (a,+00] N [—00,b) € M(F).

The intervals (a,b), [—00,b), and (a,+oo], with finite rational endpoints, form a countable basis
for the topology of R. Every open set is therefore a countable union of members of M (F). Hence

Bg = M(F).
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Question 1 — continued
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MATH 201A: HOMEWORK 3, QUESTION 10

Solution

(ii) Define
A={ECR:ENR € Br}.

This is a o-algebra on R: intersections with R preserve countable unions, and
(R\E)YNR =R\ (ENR).

Moreover, F C A, since
(a,+00] NR = (a, +0) € Bg.
Part (i) thus gives Bz C A.

For the reverse inclusion, first note that

{+oo} = (Y(n.+oc], {00} = (")[-oc,—n)

are Borel subsets of R. Therefore R and every ray
(a,+00) = (a, +OO} \ {Jroo}

also belong to Bg.
By HW2, Question 4(iii), these rays generate Bgr. Thus, Br C Bj.

Now let £ € A. Then
E=(ENR)U (EN{—00,+00}).

The first set belongs to Bz by the preceding paragraph. The second is a union of at most two Borel
singletons. Thus E € Bg, proving A C Bg. Therefore

Bg ={ECR:ENR € Bg}.
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