Shahaw L ;
MATH 260 R

Conditional Expectation .
Let (X, M, ) De o 6 - Fwte weasuve space )
N o sab-6 algebva of M, amd v =alN.
Crivew amy Fel't(m), we wonf 4o show he
—‘-\ellowim\r’ Wld @ Tleovewe:
Theve exists 3eL'(\J) sun taf [e Fdu=Jegdo
forall EEN . IE 3" is auether sun fumction ey
g=9' v-ae Pl

We oefive o Sxdwerk measuve dA = Fda o N
As IA(x)) = | x Fela]| < Jx |l A < w0, A s

f-im‘w‘c ound Newe 6- Fiute

Note whew L eN sach Thaf ;(E)=0, jhen

ME)=0(E)= 0, so MB)= Jetdm =0 1+ follows
Pat A<« V. By he Radon - Nikoelgwt theovew,
i+t follows Mat Aa = gdv fov some ge L'V,
Men  Fdum= AA= da(\J, so Je Felu = Jegdv
Tov al E €N

Now ) lef G\GL'tv) olso  sutisty Jef AM:JEg'o(O

fov all EEN We womf Ho show §=9' v ae, which 1§

MWMe  sawe oS S\/towfwj V({xex | gt gwl) =0



Note ° {xeX | gt g'eal
={xeX|3c><)>j‘CX)}L.\{YEX\ god <3'm}J
omk
’L xe)(\ \c‘cx\>j‘m} = £x6x| 3cx)-3‘cx))o}
= O [xex)goa-gloa 2%}
For o tixel mewW [ e Swow O({ xeX]) gu-g'm21d)= o
Clearly  En® [xex]g0-g'mm24} € N, omd 50
Je9-3'do= Jengdv- Jelg'edv
= Jeafdm - Jpatdm
<o
Buf Jewg-gdo 2 JEV\%«L\7= 3w VIEW 20,

LV(EN=0 , V(B0 hved m

SO "/

SuJoaclo(A-hvs-%\\’ of measwes:
a(l xeX | dcx\>3\cx\3)
= 9(LL Ewn)
< Duly V(B = Ty 0 =0
so 9 (] xex| gw> g'en}) =p.
Bj {M’re,vcw“w@ Fhe Po&n‘-}u‘m of J ol g' m
e alove  avgjumeat, we gef v ({{ xex) gta> 9 (a}) =0,
Thewm -
o({xex | gt g'eal) =
o xex|goo>g'oad)+ 9 ([xexlgmcgmi) <o

so oy +We

/



This shows g ©s wique V-a.e.

I onb&bflf‘rj Yhesvy g 'S codled he comelctioval
expectw‘how of + on N, ok s demstedl d;E("HN)
Siwple Applicaton. A on\oa)o;lff\-j .

et (X5 F,PD he o ]mu.uo;l.-v spoue . Let X Ve o
yaondovt vanabie (weas arcbile —chf-im:)/ So -)Mw} S
expectatiom E(x)= \f_n_ XP. We davwe Yaf if
EC(X*)<N , juen E(X|F) 'S ue vavvakle Y e&F Yhaat
whuwuze§  The 'wean Squave evvor! E(X-Y)Z
Wwe meed_ the —Fn)lou/f\,g propevties:
0, E(Ecxw é/¢W‘te, Nase as imbegser
O 1k Xe ¥, wnd ENY, EIXY) <ua, Mo EoxyiF)= xECYIF)
Note i 2 €L(F), then vy ® , we haee:

2 CiF) =6(2xI1F) . ( Bixzi ¢ by Camchy - Schwarte)
Takiug expectecdd values:

€ (ZEwIF) = EGxiF) = BE(2X9 | yat 1§

C (2(x-txIR)) =0 fv 2 €2%(F)

LEYeLMP), aud 2= TWXIF) =X, they-

B2 = E(x-tear)+2z)*

= T (x-EWIF) Sy 2E((x-ExiA) =) + EZ%

= E( X-&xiIF))* + E2?

Ccx- ‘ﬂl (S nmuwuzed when = =0, Fvat ) X:=EWXIF),



