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Conditional Expectation

Let X M M be a 6 finite measure space
N a sub 6 algebra of M and u M N

Given any fe L m we want to show the

following hold Theorem

There exists gel 0 such that Se fdm Seg do

for all E EN If g is another such function then

g g v a e proof
We define a signed measure di fdm on N

As Nx Sx Fdm Sx If dm is I is

finite and hence o finite
Note when EEN such that E 0 then

M E UCE 0 so NE Sef dm 0 It follows

that Nc v By the Radon Nikodym theorem
it follows that di gdo for some ge L v

then fdm di gdu so Sefdm Segdo
for all E EN

Now let g FL 0 also satisfy Sef dm Seg'du
for all EEN We want to show g g v a e which is

the same as showing Ex ex gex g x 0



Note EX gex g x

xeX gex g x 4 EX gexaglex

and
ex gixs g'cxs ex gex glox so

Un Exex gex glex
For a fixed nein we show u EX gex glex 243 0

Clearly En Exex g x g x 2h G N and so

Seng 9 do Sengdu Jeng do

Stuf dm Sent dm
0

But Seng g do Sent do In Eu 20

so hv Eu 0 U Eu 0 for all n so by the

subadditivity of measures

v ex gassgics

Un En

En V Eu In 0 0

so 0 EX gex gaxis D

By interchanging the positions of g and g in

the above argument we get u Exex gix g x D

Then

EX gex g x

u xeX gex glex 0 xex gexaglex 0



This shows g is unique v a e

In probability theory g is called the conditional
expectation of f on N and is denoted g E FIN

Simple Application in Probability
Let R F P be a probability space Let X be a

random variable measurable function so that its
expectation E X Sr Xdp We claim that if
ECX w then E X F is the variable Y GF that
minimizes the mean square error E X T

We need the following properties
ELECXITY ECXI write these as integrals

IEFTEIEIXYICIthenECXYITXECYI.FI
Note if Z EL F then by we have

ZECXIF E EXIF EIXZI is by Cauchy Schwartz

Taking expected values
E ZECXIFI EXIF E ZX that is

E Z X EXIF 0 for Zf2 F

If YE L F and Z ECXIF s they
E X 912 E X E XI F Z

E X EXIF1 4 2E X EXIF Z EZ

E X EC 171 Ez

ECX 4 is minimized when 2 0 that is Y ECXIF


