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Prop : Given FEBV
, rightsts,-

#-* 0
,
then F' exists

2-a
.e . and F't(=(2) .

Furthermore ,
M =+ 2E)F

= 0 2-a .e .

MF2E) F(x) =Ft)d((t) .

u
We will saythatany &Erasatisfying"shrinks nicely" to x



-Def FREIR is aesublycontinuous if FETO ,
7 80 s

.
t

·
for all finite

collections of disjointintervals (a
,
b , ), . -- , (ax , bx)
N

·bi-ai8F(bj)- F(ai)/2.

Given FBV, right,
Fis absats #)MF] .



Pf: Last time , we showed-

M= 2
= F is als ats

Now suppose F is absts.
Fix EtBRS .t

. ICE)=O ·

We must show MF(E)
=0

.

Fix > arbitraryI BYS
.
t

.difn of als ty,

Ibi-ai8F(bj-Flai)E .

i= 1

"Byatterregular
sets containing Es .

t.



MF(2n + ) =uF(E)+
ME((n) = - (E)+
2(22)F2(E)+ 8
Let Un := Un 12n 127
Define Va =Uz, Vz =121V1 &
V3 =131Vz

,
...

Then VI =F2 ?Us are open
sets can E S

.

t.
2/n) strimming and
lim
= aMF(Vn) = luE(n) -MEN

=ME(E)MElEl
=MF/E) .



Since Un=b , the

fact that 21Wn) < S
, bydefn of als cty, VNE/NN N

MladF EIFIbYl-FlaukEk= 1

(MF(2n))M =Ka , bi)) = E.

TherMeleYFLEME(a)l = E.
SinceE was all

,
this

Shows MFEl
=0. W



In fact, even if MF is not
als its wit I

/
we can

still think of ME as aweak derivative of F.

Ihm :

Suppose F, GEBV ,
Frig ht ats , Ects . Than
V - -(a(b + x)

Fr(a
,
b] EaG(a)

Rmk : WLOG F(a) =Gl-d) =0
,

SoMG ,Mr well defined



Gar : Given FEBV, rightcts
and GECEIIR) ,

F(x)G()d2(x) =-G
m

this is the

weak derivative
.

OfThis follows fromthm
by noting Gisals cts, sincemean value theorem

- ↓

[G(xi) G(xi-)Ski -Xi - 1)
< + x

, since Gis

eptly supported

Because G abs ats ,

dra = G'(x)d2(x) .



We also have GEBV,
TFG(+a)= IGd](x)j
We nowreturn to the

proof of the integration byparts theorem .

Of : It suffices topreve theresult replacing the BVhypothesis with increasing
.

The general cus then follows,since F+ G be sea
may expres

a differences I such fns .

finite
a itive measuresCowMF ,MGP



Refina R
= S(x

,y)
: a(x =y

= b3
,

by Fabini (Torelli &
M+*(2)=Sba

,
y]PMF Quo
=Fy-Fadl
=FM
Mo((x ,b))=YeyMg((x -i , b))
-

MMa(= ](x
, b) Qualy)dMF(a

,
b]

(G(b) - G(x-)9u+x)outs ↓ jabs
=SGD-GxdME
=SGMFG=>



Thr /Fundamental Thmaftala)
G- x(a(b+0

,
F : (a

,b]- IR,iven

TFAE

(a) # is als ats on [a ,b]
X

(b) F(x)-F(a) = y f(t)d2(t) for
a

some feltKaib] , 2).
(d) F is differentiable a .

e
.

on [a ,b
,F(z(7([a ,b] ,2)

F(x) - F(a) = [F'(t)d](t)
Rmk : Given
-

define F:R
as in there,

F(x) = E
if Xa

F(x) if a = X = b
F(b) if x >b

Then F abeats on [a ,b]
E) F is absts on R

.



Ef
: First

, we
show (a) (c).

Up to subtracts constant
from F

,
we my a

Fal =o .
Tamayissumark.

Then Fis right ats , Flo=

Claim : FEBU

Pfof Claim : Since Fisals its,
for = 1

,
choose $30 as in

defn of abs cty .
Choose N =L + 11 .

Than 5/N-1 = b-a
< JN



For
any partitiona=Xo ...Xn = b ,

the total length ofallintervals in partition
is b-a. B

Y addingfinitely many movsubdivision points , Ej
we cam gloup the ↓
intervals into N S

,grou ,where eash 7 hasgrou ,total length S .

Thus def of als cty gives
[lF(xi) - F(xi - 1)) = 1

(xi - 1 ,Xi)tGj



F(xi)- F(xi-1)/EN
Thus

, TE(b)EN = FEBV .

ThusMF is walldefined .

Fabs ats=ME]

*Prop ,
Ediff Ia .e

.

F(x)=F'(t)d2(t) .

Note () = (b) is immediate
.

Finally, to see (b)= (a).



WLOG f = 0 outside (a ,b)

Than F() -F(a)=Yf(t)dI(t)
- 3ad

- -

GM

By defn , G is right ats,
G) = 0

,
and BV

,
since

Xi

(G (xi) - G(xi - , )) = S(f(t)(d](t)
Xi - 1

and fe(F/IR
,
2).

ThusMG is well defined and
* ensuresMy] , Su
G is als ats hence So

is F
.

S
#





Interlache
...

... why are these topics important ?
-

functions of Bounced Variation· Natural regularity class forPDEs that form shocks ;

permits discontinuities , but
still has a notion of
weak derivative :

F(x,t] dMF

to -· *
· Geometric measure theory

:

if REIRO has finite perimeter,
12t BV



Absolutely Continuous Functions· Soboler Spaces :

given
Ipeto,

WIP(IR)
:GueLO(R) : -yELP(IR) s . t.

In 9dz
=

g
-9 + (1))

Thm : WF , SIR) = obsctsfns .

· Weak solutions of ODEs/PDEs
:

STRONG WEAK t
-

Ex(t)
=v(x(t) x(t) = xo+ Su(x/s))ds

x(0) = Xo
xt)
-

----

-
-- discontinuity in x'teld



Lebesgue Decomposition
·u ,
we P(X)

KLu)= Slog()de ifuS + X otherwise

· more generally, givenF : (0
,

+ a) -> [0
,
+ 0) convex

,Fls]
Fai = 15505

,
we may

consider
&

the Csiszar F-divergence
:

Fu(w)=JF(f()(dr(x) +(b)x(x)
X

where Qu = fdu + dX.

We recover KL for F/s)slogs.



· Statistical divergences ofthese forms arise across
probability, ML , OT.For example, theyfundamental infastnumerical methods for OT
and ② generalizations ofOT to measures with unequal
mass

.

· ( Already saw importance ofRN derivative in conditional

expectation

Hardy Littlewood Maximal Thm· fundamental tool in Harmonic
analysis· used toprove wellpasednessofsolutions to PDEs

.


