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Reminder :

Def : Given a line
functional
C : CaIIR9 , IRM)->R

define it total variation by
· For AER&open ,
14() =SupE(2 ,

9) : Sc(A ;Rm) , 191*B
· For EFRO,
ILIE)= infEILI(A) : EEA

, Aopen3

satisfying (i) and (ii)

"shrinksnicely" to x



Thm (Riesy Representation)
:

-

Given a bounded linea

functional 1
: Ca(&12) ,

(i) 14 is a locally finste
N
Bor measure on #&

positive

(ii) there exists gi/R&ERmmeasureable with

lg
= 1 121-41 .2 . and

<
,9)=gl
for all Gec(R, /RR) .



Recall :

X Folland 4 .41

Prop /Partition of Unity: Given- n

KEIRd apt and [Ujj=, an
opencoverafter a[0 ,)
such that

(i) SupphjUj Vij
(ii) [hj(x)

= 1 Xxk
xFolland 6.15j

=

Thm :

Given uafiniteBrian
measure

(LF(u))
*
= (e) ;

that is
,
forall E(Hull*, 7!

gt(% ) s
.t

.

(0
,
f) = J fyQuVfeElu.

and 11011/4/ml)* = 11 gllLo



BRR) with the topology9n-9E)7 kept s .

t
.

supp9n , supp9EK
and In- Puniformly

-

is not matrigable .This topologyCCIRIRM)Instead
,

is a topological rector space.
· We cam stil IdefineICc(R& ; RuDP=Ebad linear

functionals
Riesg & on CURR+]
Representatio = Egdu :

We definedthis to=> Me loc finite pos
be the space of Barel ,(g/ma .

e.]vector valued
measures ,



IfiLast time
, we showed (i), that ILI is

a locally finite Botelmeasure .

positive

Now
,
we show (ii)

Strategy--
Define M

: (cCR9
,
(0 ,
+ 0))-> [0 ,

+0],
<M

,
9)=supE(2 ,4) :CSRIRY),

14(x)1= 9(x)Vx]

OM is additive
, positeymonotonehomogeneous② <M

,
9) = 99914

③ (L7(1(1)) * = L*(14)
.



Step1

motone
: 9= 92 =>(M , 9,7= /m ,9)

This follows
,
since constraint set

on RIS contains construint set
on LHS

homogeneity
: (20= <M

,
c97 =c<m ,9)

141 =(9) (54) = 9

additivity
: (m,+ 92)= <M ,

9
,)+ <m ,92

"I" : 1 , 189, 1421
= 92

=> M ,
+ 42) = 9 ,

+92



Finally, to see "E
,

"

suppose
↑E(c(IR9; Rm) ,

14129+ 92
.

DefineMi ()=N ifEO otherwise

Then Hi E(CIRO; Im), lik)/EPi,
and N,

+&2=↑ , so

<L
,
↑2 = <L

,
4,
)+ <2

,
42]=M

,
9

.
)

+ <M
,
(2)

.

=> (m
,
4

,
+42)= <M

,
9

.
)+ <M

,
92)

.



Step 2 : WTS <m
,
9) = 99d11 .

Fix &e(c(R; [0 ,+d) ,
230

.

Choose EtnSnEoER s .

t
.

to co < t<... . < EN- < 11911tN
tN+ 1

- tn + E

En=Extsupp9 : tn-49(x)=tn3

EEn3r partitions Suppl
9

M
muc



ByEnterregular
-(L1/#) =ILI/En+* An .

The Set AnEx#n : 9(x)<tu+ &3
also satisfies

Let In be a partition aganity- tosubordinated oper caver
EAn3r , of Supp9.

N

Than 9 =En9 , so by stept,
N

=Sultn +E)

<m
,
g=m,9)

<m ,
Itn+ElSn]

= (n+ z) <M
,
Sn).



Notethat
<m , Sn)
=supE(2 ,4) :CSRIRY),

14(x)1=3ux)Vx]
EsupE(2 ,4) : CSAnilRY),

14(x))= 1Vx]
= (l(An)
= ILI(En+

Combiningthese,[tn- 1
+ 22

↑

(m ,
q= [ltuts)<m ,Sn)
n= 1

In+23)/(L1/En)+*)
Ell 911g
M

+ +ELIE)+

= (2 + 119 + 23/(supp9 +2



Sending E-TO givesthe result .

Step3 : For ee $mIRM,define

Le : Ca(IR9)->R by
<L9) = <L , 9e]

By Step 2 , forany GeCalta),
<Le

,
9) = supE(L ,

4) :Nc,Pry
|4(x)) = 19(X)/X]

= <m
, 1917

=>S14/dL)

By density(Rinlwe may



lineal functional on (F(11).
Since Lee(L =(IL1))*, 7
get(
*(21) s .

t
.,
Fue (F(14) ,

<Le
,
u) = Suged 14.

Define gir>R by gitgei&
ge LO(IRIRk)

This gives, GERRM) ,

42
,
97 = /,ei

=
= 39.gd) .



# remains to show

(g())
= 1 for Kla .e . X.

Next time i


