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Reminder :

Def : Given a line
functional
C : CaIIR9 , IRM)->R

define it total variation by
· For AER&open ,
14() =SupE(2 ,

9) : Sc(A ;Rm) , 191*B
· For EFRO,
ILIE)= infEILI(A) : EEA

, Aopen3

satisfying (i) and (ii)

"shrinksnicely" to x



Thm (Riesy Representation)
:

-

Given a bounded linea

functional 1
: Ca(&12) ,

(i) 14 is a locally finste
N
Bor measure on #&

positive

(ii) there exists gi/R&ERmmeasureable with

lg
= 1 121-41 .2 . and

<
,9)=gl
for all Gec(R, /RR) .



Lasttime,weshow get

42
,
97 = 39 gd1 .

It remains to show

lg
= 1 -a .e .

etotethatd
14() =SupE( ,9) :91[(A ;Rm) , 191*B

= Slgldk)A

Thus ,
E : = Ex :

/g(x)) =c3 ,so (L(E)=0
Lanca Igbo 11-a .e

.

Fur
any Appen

and bounded,
14 locally finite ensures



eL7(A , (2) ; Rm)

Bydensity ,
7 Pne((A ;R

9n- in LF(A
,
14 ; tem)

Defina
En(x : =Gym - , (9n(x))i + (92(x)(z

In(x) otherwise.

Then Gut(cI;Rm) and

Styldk = (192-gild
A A

n-3FinallyA



Thus ,

(2)(A)= Sigd/L
Adn=>x

(L(A)Ig(dLFILI(A)
=> IgldILI = 14 = Ig 149 .

e
Misigned

Y
aka weak->I

Vague-convergenceBollmeasures
Rmvalued-Def Given locally finite-

~.V . measures SunSnein ,Mi-
wesay un-M vaguely if

(90M = S&(IIROI)



Ex :
· If Xnexin Ra, Sex

vaguely·

Mn
= no 12,jad]dS

Thm/Portmanteau) Given
-

locally finite positive Borel
measures Gunne ,e
TFAE
Silun -u vaguely(ii) V Kapt and Appen inte

limingun() =(

limsuun(k) =ulk)
(iii) F Et Brea bounded with
Mbel= o , WMCEIFuEl .



Vague compactness
Thm : Given locally finite-

positive Baremeasures
EmuSneiN on Ros .

t
. VKapt

Nun(4) +a -
than 7 M locally finite Barel
messwe and K S .

t.

Mak -M vaguely·
Fact : (c(R9) endowed with
-

inductive limit topologyis separable



Of
: Let Ge CalRd be a
countable dense subset .
For
any
q[Ha)

sup159&un 119110Supusupp9
n

Thus
,
&5

,
7 L s

.

t.

S9dMn- La . By a diagonal
argument , we may

assume

the same subsequence nk
works for all 9F

Note that 913 La is linear
on G and 920 => (g = 0 .

Suppose EPnSneiN , ENm3nEm
EJ satisfy Qu-9t4m-9,



Then
lim 12 em-Luml
n
,m
=

=h /S In Jun, 24 m Dunk
1 +X

~Elim 119n-Ym/losupM,4)h
,m
+

K

This ,
we can define

L : [c(IRP) -> Ry

[L ,
9) =I Lan

where &Bene
,

An -> 9

L is a monotone
,
linea

functional on G(IR), so it's
bounded

. By Riesg Representation,7 locally finite positive



Barel measureu
5

.
t .

* 42[c(IR9)
.

< 2
,
97 = Sequ .

For &En ,
9) = 390 .

Thus
,
Y Ne(c(R)

,

9
.
4k

154durisupMi()# ⑪-
= /99dMnk-SNdMnk/ +59 du-Sudel
#
+ 159duni-59fu)

SinceJ is dense in Cala)
,

V570
,
79es .

t. E VK
.



Sending keto givesthe result.



Sets of Finite Perimeter
In the lastround of presentations,
we will hear about the
Gauss-Green Theorem

,
that

,

for all open sets
Ewith

C-boundary , outer unit
normal

↓
SU .TISTOE dEM-
E S FTECCIRPIR9
le+ dx =d2P(x) -

The perimeter of E is given by
72

-' /E)FIMEIIRQ .

If we defineMETUE
E



Goal : generalize the notion If-

-

perimeter beyond sets withCf boundary
.

Why more general E?
Sets with [1 boundary can
converge to Acts without [1

boundary.
- L Li ....

tricTo study geoma optimization
problems need to take
limits of "nice" E to find
an optimizes.



ExamplesofEmirateProflemy
:

Plateau Problem
Given A , EoER

&
where Er

has finite perimeter

infEPlE) : EXA =EoA3

XA Ex ↓A

-
-& ↓ ⑤- --Ex->

Eo &GA is "boundary condition"far E
.



The Plateau problem is a 13

prototy "minimal surfpe ac

problem.

OttentialEnergies D
↑

inf EPIE) +EgIdIi leS
Applications

:

soap films,
↑

Smembranes, equilibrium hapeaf
liquid in container, materials science,

general relativty :



EE Bpd hasDi locallyperimeter if
- locally finite wer measureME
Su that

10 · T(x)dx = TE

VT = C(R&; /Ra

The perimeteralEis
P(E) : = /MEI(Ira) . Bi

↓

The relative perimeter Ein F2PlE i F)
=

MEl(F) .


