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Reminder : Course Evaluations

Defi EE Bped has locallyfinite
-

Perimeter if
- locally finite wer measureME
Su that

10 · T(x)dx=E

VT = C(R&; /Ra

We call ME the Gauss-Green mesure of E↑

satisfying (i) and (ii)

"shrinksnicely" to x



The perimeteralEis
P(E) : = /MEI(Ira) .

Bed
I Ein F ishe relative perimeter ofPETF) =MECE) .

Pop : Et Bind has
-

-allRfinite perinder
compact ,

supEEX .T :TE ((K ; 19), ITIBo

Eact : ((IR; IR9) is dense
in CcCIR";/@ w

.

r
.
t

.

the
inductive limit topology



Rmk : If A open and-

F has locally finite perimeter,
PIFjA)E
=supESoT :TECA;Re), ITIEB

-

Lower sericontinuity
Def: Given EEnSneinE Bird,EEBRd ,
conegetally
him 29k1(EnGE))= 0 FKcpt
-

IKN/EnDE)l



⑳op : Given GEnBnen-Bind
with lo
S .t.thite periment
En E

,
lispPlEn ;K) Kap

than
(i)E has locally finiteperimeter
(ii)MEn-ME vaguely(iii) V A open, limngPlEnjA=PlE

Approximatioit
mollifiers...

Warmup :

-

tix EEBird
, peCq(B , j( ,+)) ,

even
, Sp = 1 , Pa=dpt).



Rop :If EEBie has locallyfinite perimeter , ther
· Vetpe)=MeTps Y Exo
· Ve +pa)29-ME vaguely·

IVIEpe129-MElvaguely

Lemma : If EFEBRd- (
-

have locally finite perimeles Sthen su do EWFand EnF
,

and fr all *Reopen

PEUFiA) + PlEME;A) =PLE ;A)
+P(F;A)



Of: Define us := 1 EPPE
us

: =

1f5PE
Than

,
in Liac (a),

UgUE-1Ent
WE
-
UstNz-UEUs-1EUF

Furthermore
,
FAGIRO quen,

bounded

&VfgUs)/EEnel + valDra
Swale(l-va)(u) + (tuelled
Ladding

&Us)/+SNwaIENusHINes)



unir vaguelySince A bod
,#aptEKcptlimsupUn(k)(

lisNusNeNuHIVE)
=MCA) + m (# )

=PlE ;A) + P(F; )

For the LHS , note that ,
v +E((A ; IR9) , ITIEl ,

liming SVfusVs)/
I liming-STV/UgVa)2 -> 6

- liming & X .T (UsVE)9 ->

= SV .T
ERF



By,
ming) = PERF; A

Similarly
liming SNwal

= PlEUF ; A)978

Thus
,
for open and bod ,

OuPlE. jA) + P(F; )M

PERF; A)
+PlEUFjA)

Fix arbitrary A openDefine Ak := ExtAnBidist/x,Ak
These Ak are open bod.



Furthermore...

#REA , ArEAkt , YAKFA

By P(EjA) + P(FjA)
VI

PlE.;A) + PCF;d
↳

PERF; A +PLEUF ; AR

The result

continuity thenfollowba





We have lower semicontinuity Iwe can approximate via
mollification, ... compactness !

Lemma: Let EQuen be a
-

disjoint family of opencubes sicheIf RolengthoS
.
t
.En =

EEBird boundedThen , foranunite perimeter,
7 finite

, disjoint subcollection,EQn3neI s .t .

IET YQnIEJar PE) .



The the lammaproof Iftherelies an
fact : fellowing
East : For Q : =

x+ 10 , r9
u = C

= (19),

& lu-Hatrul.
↓

( :=Sulyldy



DafZemma
:

Fix&by Fact
a

Katepel=ep
-

&Br

=rep-Lepa
Since E Add

,
J RYOS

.t
.

-

suppV1EPPE EBR .

Taking" LHS
= /Mzl)[R]
=ME((RY)
= P(E)

.



Taking" RHS ...

=sere-ken
=
=11-IEE

if IQmMEl
crd
-

Z

=

2QNE then/QuIElz v &
↓ Z

rd
Since E is bld , IQnREl7z
for at most finitely many a.Let I be the indices thoseofQu

.
Let T= w any

continui
ny

the F above irag-

=r(EIQnEl + EIEMQnl)
ntI n4I

=r(ITEl + (E)+ 1) #



Prop : Consider the set
-

X= EEEBpd :Ek +aY
endowed with the distancef
RIE

,
FI=IEXFI

.

Then 1x
,
d) is a

complete metric space and
for R

, p
>

&Bird : EEBr , PlE)
=p3Gr ,pis compact.

Rank : [ anvergence ind-

implies local convergence .

WeidentifyE



If We will show GRp iscompact .

Suppose EEnSnen-YRipsatisfies EnGE
↑

prev prop Y PLE)E .
Also

E= B lup to sets ofR
Lebes

que measura zero) .

Thus

EEMR ,p ,
so Gr ,Disclosed.

It
remainstoshow,is totally

Fix 630
.
We will show

IETn3n= S
.
t

.

min
dIE

,
Tm) VEt*M = , ..,M



Choose >Ost . Jarpo

By our previous lemma,
for EEGr , Jfinsubcollection Is

.

t.

DIE,n
Since EFBRI WLOG , we
may

take only QUE BR .

There we finiteonly by
many ways
t take

unim If QnE Br .

O





Thm : Suppose EErBne are-

sets finite perimeter st .of
· SIN PlEn) +& ,

·J Rs .t . EnEBR VneIN .

Then there exists a set
Et Bra with finite perimeter
St

.
EEBR and 7 subsequence uk

St
. d

(i) En, E
(ii)MEnkME vaguely
Pf

: Let p
:= SIN PlEn) . Than

& En3nEINE SoGr ,p .

compactness ensures 7
and EnE.ECTR , p

->MEVague convergence/Enkfollows from Propon Isa ofperimeter.





Plateau Problem

-

Ihm
: Given Aft bounded
-

and EEBRO with finiteG

-

perimeter , there exists
a minimizer af
minEPIE) : EXAFEoA3
EEBird



If
:

Define
x(A

,
Ed : = infEPIE) : EXA=EoA3.

EEBird

SinceEo satisfies constraints
and PEc +X

,
we have

x(A
,
Ed +x

-

Thus
,
We

may
take a

minimizing saguan
En

.

We may assume PlEn) =PSEd -
-

Define Ru
:=En to
=(EmLEoW(ErlEn)

.

B Pro
PiP(M)= PlEnnEs) +PlEolEn)

PlEo = PlEn)+ PlEs)+ PlEo) + PlEn)
= PlEr]↓ 22PlEn) + 2 PlEn = 4PlEo).



Since Er satisfies constraints,
& (A

, Er) = PlEo)"
+ o

.

Take a minimizing sequenceEn
, and let
Mn := En-En = (EnEcwEE)

than , by Prop ,

PIMn)[PlEmIEs) + PlEaEn)

PIF)
=PIFY P(En) + PlEx) +P/Ed)+PEr)

↓
=2PlEn) +2 P/Ed)
= 4 PIEr)

Since MnEA
,
Abdd

,
-> m with finite perimeter
St

, up to a subsequence,
Mn + m .



Furthermore
, Mn

= A
and Ais bounded .

Thus 7 MeBra with
I

-finite perimeter St
Mn-m .

Since En=CoUMMEoRMa)
,

we have

Enum)(Enm).
-E

Finallybydef , EA
=El

perimeter
ens

HA
, timingk+Enk) = P(E)

Thus E is aminimizer .

W




