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. Radon-Nikodym Theorem
C
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III
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Radon Measures
A

. Riesy Representation Theorem
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B
. Weak- conver gence
C

.
Prokhoron's Theorem



IV. Sets of finite perimeterA
.

Geometric Variational Problems
B. Isoperimetric Inequality

Review : Measura ITeoryFolland Ch
.

1
, Maggi Ch .

1-2

Outer Measures

Fix a nonampty set XX .

Def Anoutermeasureon XM
is a functionMP

: 2x -> (0
,
+x] st.

(i)u
+(4) = 0

(ii) AEB =MP() =M
P(1)

(iii)(Ail =M/Ai) .



sureonetsich: Hausdorffmea
↳
KEIN mostof
the time

Def Fix de , K
>0
,
530

.

The k-dimensional Hausdorft
Outer Step8oniro ismeasure of
H(E)-intEWDamGil

2

SFi3St . EEUFi
i = 1

diam(Fi(83
for
any
EFRO

kEIN

GOSSAY/HEX(BS)
On a metric space (Xd) , FEX,J
diam (F) = supEd(x ,y : x ,yeF3

A = K-dim's area of Fi



Rmk : H's is an outer measure
(2010

,
HW3, Q4)

Bef Fix DEN, KO . The Content
K-dimensional Hauschorffv
measure is

1(E) =10H(E) =(E)

Lemma :

iTAis an Intermeasure
(ii)It" is translation invariant
(iii)7*(E)= < (1+k/E)

,
Vx> 0

.

SaixtE3

Pf : Follow from deft



Key Properties ofStauschoffMeasure

(i)For KEN
,
IEKEd

,
and

Ea K-dimensional

parametrized
H "(E) =area (E)surface,

(ii) If k>&
,
H * (E)= 0, EERd

(iii) Mors forall EERC
Isgrea
HSE)= 5+ for KISEO k> Se
SE is known as the Hausdorff
-

d=2
k= 1 dimensionafE.

Fe
(iv)

&
= x9



-

6 -algebra ,
Measures closed under complements

ountable unionsand S
↓

Measurable space (x,M)

x "Positive"

Def : A measureu on (X
,
M) is a

functionMie- > [0, t] S.
t.

(i)u(x) = 0
hiM iscountably additive .



Thm (Cara ↓ Given an outer
- theodory
measure

MeUPE)
YEEX3

Then Eli is a o-algebra and
itrue is a measure.

To show Hunsdorff measure
is a Bore measure , we
will use the followingcriterion :

Th : Suppose (X ,C) is a
metric space andut is an
outer measure on X.



Then u*/B(X) is a measure iff

#E,FEX distE,#)>oC &

us (EUF) =u
+(E) +uf(t) .

↓
int is a metric outermeasure

Gloss
d = in f(d(x

, y)
:
x+ E

,y z

Of First, suppose uB( is a-

measure. tix E ,FEX
with dist/E,) >0. Then
distlEF) > 0 .

Then
(
&

u
P/EUF) =u

P/)EUFME)
+1T()EUF)M(E))



=+(E) +u
* (F) .

Thus, P is a metric outer
measure .

Cow , suppose ut is a
metric outer measure

.

It suffices to show that,
for # EX closed AEu
This guarantees)Mi ,
so /Bla is a measure .

Fix EX with u
P(E)+x

&

We will show (*) holds
with "I"

For hEIN
, defineedist

,
A)An= EXE :



Ao = ExtE : 1 = dist(x
,

A) 3
.

B defn A/VAn)= ENA
?

unydisjoint union hEN

Since At is open , the
reverse containment also
holds :

uP(EMA)+uP(EA)
subadoitivity afet
[ P(ENA) +MP/NAne

metric entermeasure

=

u
P))EA)U/An)EMA

=eP(E)+



Again , using
metric outer

measure property,↓

EMP(Azn) =/A2n)=+(E) 0
N

=
Thus

,
both series convergeso the tail ->0.

Rop : Fix deIN
,
KEJO ,d) .

Ik is a Bor measure on
IR9 .

Pf : Fix A , BERPdist(A ,B)=10.



Than
,
forall 82/2

,
Fi with diam (Fil <J any
can intersect at most one

of Aor B.

↳
Thus , every cover of AUB
gives disjoint covers of Aand B and vice versa

.

7) (AUB) = H'(A) +H(B)

SendingS-0 gives



H"(AUB) = 1" (Al+ 1"(B) .

Since I" is a metric
outer measure

, so by1 uprev thm , + /BRO'smeasure
.

*

Exercise : V deIN Ke10
,
d)
,
57
,↓

Hi is not a Bores measure
an RQ.

&


