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Outer Measures

Fix a nonampty set XX .

Def Anoutermeasureon XM
is a functionMP

: 2x -> (0
,
+x] st.

(i)u
+(4) = 0

(ii) AEB =MP() =M
P(1)

(iii)(Ail =M/Ai) .
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Def Fix de , K
>0
,
530

.

heI k-dimensional Hausdorft
Outer
measure of step s on RP is

H(E)-intEW(Fil)
SFi3St . EOF;

i = 1

diam(Fi(83
for
any
EFR&

Rmk : H's is an outer measure
(2010

,
HW3, Q4)



Def Fix dEIN , KO . The Conster
K-dimensional Hauschorffv
measure is

1(E) =10H(E) =(E)

Lerma 2

-

(i)7 is an outer measure

(ii)It" is translation invariant
(iii)7*(E)= < (1+k/E)

,
Vx> 0

.



Key Properties ofStauschoffMeasure

(i)For KEN
,
IEKEd

,
and

Ea K-dimensional

parametrized
H "(E) =area (E)surface,

(ii) If k>&
,
H * (E)= 0, EERd

(iii) Mors forall EERC
Isgrea
HSE)= 5+ for KISEO k> Se
SE is known as the Hausdorff
-

d=2
k= 1

Dimension ofE.

Fe (iv)79XBi
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6 -algebra ,
Measures closed under complements

ountable unionsand S
↓

Measurable space (x,M)
Il

↓ "Positive

Def : A measureu on (X
,
M) is a

functionMie- > [0, t] S.
t.

(i)u(x) = 0
hiM iscountably additive .

Thm(Caratheodory
: Given an outer

measure isP , define
Mus=EAX:n*(E) =u (EA) +uP)EnA))

YEEX3

Then Eli is a o-algebra and
itru is a measure

.



Th : Suppose (X ,C) is a
metric space andut is an
outer measure on X.

Then u*/B(X) is a measure iff

YE
,
FEX

,
dist(E

,
#)>O
,[u JEUF) =u+(E) +uf(t) .

↓
int is a metric outermeasure

Rop : Fix deIN
,
KEJO ,d) .

Ik is a Bor measure on
IR9 .


