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Signed Measures (Folland Ch3)

measurem onBef : Asigned (X
,
e) is a

functionniel - [-a, + x] S .t .

(i)u(x) = 0

(ii)u assumes at most one ofthevalues
o



 (iii) for EEj3j =2 disjoint,
r(YEj) = Er/Ej ,j

where if the LHS is finite
,
the

RHS must converge absolutely
Like positive measures, signed
measures satisf continue
-

frombelow and above ty
Prop :

-

v indsigned mesa

(i)If ElfEzE
...,
VIVE . )=av/Ej)11

(ii)If EnEEzZ
..

andVIE1)ER,
~(1)v(j) .

J



 Def: Givenasigndmara
(i)citive if v/BIEOY BEAI
(ii) negative if v(BSEO V BEA-

(ii) null if v/BI =0 . F BEA

Warning : If v is a positive measure,
than Atal is null ES v(A) = 0

.

OTOH dr : = 120
, 1 d27-10d27 is

a signed measure,
~ (E) : = S1(a

, id]
+
- ]1g,dx

E E
= LYE1[0

,
133 - /ER21

,
2])

We see that VIEz
,
1])=1 -1 = 0 ,

but(-1 ,1) is not a null set,
Since (r , 1] =F1 ,1] and/ ,13)=1 .



 Zemma : Any measure able subset
of a positive set is positive , and
the union of any

countable

family of positive sets is positive .

Thm : (Hahn DecompositionIf is-

a sigrad measure on /X,e),7 positive set Pand negatios setN
S .

t
. DUN =X and PAN= 0.
T such-urthermore

, for any other
pair P,N', we have PLP'= N

&Nisnull
.



 
aka"V is singular withrespect to er"

Def : Two signed ugmeasures

andI on EXer) are mutuallyS

singular if F E ,
FCM s

.
t

.

-

EUF=X
,
ElF= 0 , Eisv-null ,

and Fis u-null . This is denoted
estr.

"M and I live on disjoint sets
"

Ex : du = 10 ,
idx7 , du = 122 +dy7

Ihm(Jordan Decomposition) : Given
a signed measure r,F ! positive
measures V

+ and v- S .

t .

Vu+ - v- and UTIV
-

~

Ut and -are the positive and

negative variationsafr
the total variation ofr is the
measure (01 := y++ j

-

f



 &k : Given the Jordan

decomposition of a signed
measwie v

= V+ - vj
For any Set Athat is vnull

,-

we must have v+ (A) =v
- (A)=0.

Since v
++v - implies 7

-

partition X = EUt with
Ev-mud and F- v+-mell .
then, V =V

+
-V
-

and EisU-null
->

u
+ (A) = V + (AME)=V/AME) = 0
V
-

(A) = V
- (AF)=v(AF) =0

.

If both are so
,
than it

would contradict that E
and Fare disjoint .



 Ok : Given a signed
measure v and a positive
measure u .

Than,

v+u()(v) +u
V +

IM andVIM
Let's prove+Manderfu
If V +M ,

then I E
,
FESt

.

EUF = X
,
EMF= s

.
t

. Eism-nul
and F isw-null

.
Write V =U+V

-

By previous remark, Fisut-null
and -hell. Thus ity
andvM .



 Def: Given a signed measure
Vi we can define
2+(v) := (= (0+)1(

=/-)
.

For
any
feLf(x)

,

Sfdu :=Start-Sfar :

Labesgue-Radon-NikodymThm

Def:Given a signed measurea positive measure
Mon (X ,

er)
,
w is asolutebycontinuous with respect toM ,

denote -M ,
if

VEEc
,u(E)= (E) =0.



 QivnE)IrkM
ESV+Mandr-u

Exercise :

Thm: Given a finite signed-

measurer and a positive
measureu on IX ,el) >
ue), 7570s .

t.

u(E) < S ensures tr/E)kE .
(*)

Of :
First

,
we show "E

.

"

Fix Exch
5 t. (E)

=0
.
Fix E> arbitrary

Since u(E) S for
#) ensures Ney]S0,
Thus VIE) = 0 .



 Now we show "?
"

Note that
,
once we have

proved the result for a
positive measure v , it
must hold for a signed
measure

,
since

w positive measure
->

wkm) IwkM #>N holsfor (w) =>/*) holdsforw

WHE-WE= IwI(E)
&

Assume V is a positive measure. Suppose
# fails

,
and we will

rYu . There exists 230 s .
t

.

↓ neIN 7 Ente with

ulEn) < 2-n and WIEnIIE.
Define Fir : = 8 En and FFFK

.

n=k 11k= 1

Klimsupen)



 X

Thenu(Fk) = [2
-n
=21 - k

,

M(F)=MF0
OTOH

,
vIFi)= E V keIN

and sincea finite
,

u(f) = "imv(Fk) = E
.

Thus uk #
M

Q Does the theorem still
hold for so finite ?



 Bak : Given a positive measure
Man (X

,
el) and fix-E

,
+]

for which either Stadu+o or
Stud < to

, the signede
measure

VIEl := Star
satisfiesM .

Abbreviate such measures by
dr= fdr .


