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Labesgue-Radon-NikodymThm

Def:Given a signed measurea positive measure
Mon (X ,
el

,
w isasolutelycontinuous with respect toMy

denote -M ,
if

VEEc
,u(E) = 0 =(E) =0 .
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ESV+Mandr-u

Thm: Given a finite signed-

measurer and a positive
measureu an IX ,el) >
ue), 7570s .

t.

u(E) < S ensures tr/E)kE .
(*)

Rank : The finiteness hypothesis
an y cannot be weakened to

·

teness .6-fine For example ,
-

u- L
1
and

V(E) : = Skx(du(x)
E

Then Viso-finite
, UM ,



To see #*) fails
,
take E = 1.

Suppose 7 830 St .

u(E) S ensures NIEY11 .

then we must have

WIElK 1 on any interval
of length8.

But VCan becomearbitral
a

large
Moves away from the origin.
-
-

To build up to Radon Nikodym
theorem

, we require fourlammas
.



First
,
two 20la reminders--

Jemma 1 : Given 0--finite
-

positive measures Evi
on /X ,2) ,

7 EARBEE
dis St . YAk =X andjant
VilAkK+ Vi , k .

tim

is bydefin J
,
7 SBR

S
.

t . VBK =X
,
ValBk]+O·

k- 1

Define Az : = Ba , ABA , Bj .

Suppose the result holds
for v=, ..,Un ,

with partition
EAK*

.

We will show I partition
for V=...,Une1 .



I2n+ 1
,

joint , YF

Defina Lij,k : = Ak1Bj . W

Lemma2 : Consider a Positive
measure Man /X ,

24)
and suppose f,geLf(u) . There

Stand
M-A.C .

Now, twomara lemmas
about sighed measures .

Jemma : Given a sequence
positive measures Er



and apositive measureM ,
↓

vj+MXj= Evj+M .

j
= 1

Pf : Exercise .

Lemma4 : Given
-

measures u
anfinitepositea

IX
,
el either

(i) V+M
a

(ii)73>0 and Etch s .
t

.

/El-oandu on E.
#

that is, E is apositive set for
u
-

Eu



Ghat X =PnUNn be aHahm decomposition for
v-u .

Defina P:Pn , NN=
misafinite

For all neI
,

measure 2
↓

( - hu) (N) =0E)0 =v(N)=mu(N) .
Thurs ~ (N)=0

.

If u(p) = 0 , than utr.

IfM(P) > O , thanM(Pn) >o
far screut/N - Since
Pn is a positive set for
v-r , part (ii) holds with
E =Er W



Im(Racn-Nikodym) :
Consider-finite signed
ressure v ando-finite
positive measure e on (X, 24).

There exists
·
a -finite signed measure
X on (x

,
m)

·
a measurable function
fix- [0

,
0] S

.
t

. EA for
is -finite que Decomposition

"
1) Labes

for whichd=x+fu
and X+M .

Furthermore, & is unique
and f is unique
, up

to

M-G .e
. equivalence .



Rmk : When Ue , then
To and v= fdr .

The function f is known
a the Radon - IVikodymderivative of s with du

-

respect to My denoted du .

Motivation for notation :

Lobesque decomposition becomes
d=/du .

Of of Thm
:

First
, we
will show existence ofLabesque decomposition .



asI : Suppose v ande
are finite

, positive measures.

measurable
Define
: Ef :Xt( ,ta]due
Note that : (fvg)(x) =max(f(x,
·Fis I g(x))
·ge
Eugdr=r
=If dtSgduJ EnEff = g)
= vIEnSf(g3) +VIERSf-93)

(x +X : f(x)>y(x)3 = VIE)



·Ehn3n
, unthhe

ByMShnde
Define a :=sup Sfdu = v(X)4+0.fe

Let EfrSE T be a maximizing
sequence .

fi(x)
i= 1, - ,n

DefineguimAlso Sgndu = SAndu .

Define f = supfi. TheniEIN

gn f pointwise , so fea



Thus
, by MCT ,fef
a Ide=Sandr

= lim Stude = a.
m=x

Defina ax =dr-for .

Since feJ
,
X is a positive

measure.

Assume
,
for the sake ofcontradiation

, that XM
fails

.

B Lemma #
,
7 Etal

yand E30 s .t . M(E)>
and X = EM on E.



Then Edu= dx=du-fdu
= (f + 21 Edu Edv

This would imply freeand
yf+E 1 Edu = a+gu)E)a

this contradicts our construction

of f .

This proves existence

of Lobesque decomposition .

EIt : Now
, supposer and

Mare
-finite positive

measure . B Lemma 1,
- partitions YEA1ofX
S .
t

.MCAnK , vLAkKO NkEI .



DefiningVk(E) : = VIE MAk)
Mk(E) :=m(EMAk)

we can apply CaseI
to these

finite measures
, obtaining

drk = dxk + frMk
↑k+Mk

Since Mr (Am2)
=-k(A)=0,

we have Mk(Ak*= 0 .

also assumeWemay A

Pefire
:=

EX ,
f:= Efk.



Than
du = Edi =dx + fdr
Claim:M

By Lamma 3 ,
+M.

Remains to show -finiteness
of X and fou .

#


