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Lemma1 : Given 0-finite
m

positive measures EviSi=
on /X ,2) ,

7 EARBEC

disjoint St . YAk =X and
vi(Akk +a Vi , k .

n

& : To extend to EV: i = 1

signed , apply lemma to positive
and aive variations

.neg



 Lemma2 : Consider a Positive
measure Man /X ,

24)
and suppose f,geLf(u) . There

Judg
Jemma3 : Given a

sequence it-

positive measures
and apositive measureM ,

↓

vj+MXj=Vj+M .

Jemma4 : Given finite positive
measures M and V on
IX

,
el either

(i) V+M
a

(ii)73>0 and Etch s .
t

.

USE)>0 and VIEM on E.



 Im(Racn-Nikodym) :
Consider- finite signed
ressure v ando-finite
positive measure e on (X, 24).

There exists
·
a -finite signed measure
X on (x

,
m)

·
a measurable function
fix- [0

,
0] S

.
t

. EA for
is -finite que Decomposition

"
1) Labes

for whichd=x+fu
and X+M .

Furthermore, & is unique
and f is unique
, up

to

M-G .e . equivalence .



 Rmk : When VM ,
than

-

x+M XE Y F
M

X= EVF dr = dX + flu
r(A)= x(A) +Safdr)A-E
0 = x(A) + G

Since F = E' is X-mull , we seathat...
X= 0 and dr= fou.

The function f is known
as the Radon-Nikodym
derivative of s with du

-

respect tom ,
denoted du .

Of of Thm :

Last time, we wereprovingexistence of theLobesque
&

decomposition for v and u
-finite positive measures.



 EIt : Now
, supposer and

r are 6-finite positive
measures.. B Lemma 1,
- partitions YEA1ofX
S .

t
.MCAnK , vLAkKO NkEI .

DefiningVk(E) := VIE MAk)
Mk(E) :=m(E1Ak)

we can apply CaseI
to these

finite measures
, obtaining

drk = dxk + frMk
↑k+Mk



 Since u(A) =0 , #*]
Xk/AkY=OFK. Also,we my is-

assume

Define 1 :=E ,
f : = Efk

.

-finite by defn
Them ↓

du = Edv=d + For
ePote that Xk +M ,

VKE/N
.

To see this
,
note that

since XMK ,
7 partition

Er, Fi, where Exis UK nubl,
this Xk-hall .

Then u/EKSAR) =MK(ER) = 0
and MallEkMAK)4= Xk(FiUAR)

=xk(Fk) + Xk(A, ) = 0 .



 Thus ERRAk and its complement
partition X intounull and
Xk hall sets

, showing Air

By Lemma 3 ,x= xk
satisfy 1+u.
Kase3 : T suppose thatFinally ,O is a 6

-finite signed
measure

.

B
y
Case 2

11)du + =dx+ fu +u
XMdr- = dX+) +frdu ,
+M



 Since v is a signed measure ,

it can't attain both I -a
.

WLOG
,
assume V is never

-
,
So

+-
- (x) = xk)(x) + j -f 2du.

X

Thus
, we have

du =av+ -du-
=d)

Both 1 and for -finite .

T since I'+M andt, Lemma 3 ensures
IX/
-
x(7) + ya) +u



 so X+u.

Unique es ewe also have
dr = dx' + f'du ,

x +u .

·

teness and Lemma 1
,B disjoint partition

St
.

Ak is finite for all
measures in this problem-

Then
,
XBee,

v (Blak) = x'(B1Ak)+M

=X(BMA



 Thus ,
(x-x') (BnAk)= S(f -f dr .*)

BRAK

Ifu(B) =0(x
-x)(BRAk)=0

VkEm = (x - x)(B) =0
.

Since u+ 2 and u
+ X

Eu↓ II and u +(x)Lemma3
-> M

+ 1x1 + 141
.

Let E
,
F be correspandingpartition E 1118'l-mull ,

Fu-null .



 Therefore , for all BECU ,
X(B) = X(BME) + X(BNF)

= O + x(B1F)(u(BF)= 0
=o + x(B1F)
= x'(BME) + XBnF)
= x'(B)

=> x = x !

Since (HSof is always
zoo , by Lamma2 ,
f =
Ak
= f1AkMae .

Thus f = f'u-a . e. #



 This uniqueness result
gives some nice basicproperties of the RadonNikodym derivative .

Also supporte
~A + V2 well-defined

Lemma : Suppose va and
-.-2 are -finites igned
measures

S Mo
-finite

positive measure and
V=M and VzM .

Them

=Maege

Of : By the previous theorem

drade , dr=de
Thus

,
dra+ v2) =(



 Uniqueness of The Labesquedecomposition for VatVz
gives the result .

Prop :

Suppose v isa-finite-

ned measure and ↑sig Mi
and --finite positive
measures St

.

VMand
uX .

Then 1 and

=, X-a . e.

que decomposition,Of : By Labes
dr=X

dr= du=X
Uniqueness again givesthe result.



 Ex : Suppose u
= 29

,
U = Son.

then u
+ r

.

The

Lebesque decomposition is

di=+ du
We do not haveu
and& is not defined

.
-

de

Lebesgue-Besicovitch
Differentiation

Specialize to (X
,
e)= (R

,Bia



 Vikodym theorem,By Radon-Ifell(29) thangiven &
# dr = fd]c

ned measure andis

aSiga =f.

Given V of the form) ,Here is another way wecould "find" the f...
average value of f over Br(x)

=Bra ldgay
29(Br(X) S

inorally:
f(x)->

r->

Imodulo
anyissues

thatf is
29-a

.
e
, defined



 This alternative characterization
the Mof Radon-Nikody

derivative will allow us to

study weak nations afI

differentiability and priveFundamental Theorem ofCalculus .

-

A key too l...

Ihm(Besicovitch's coveringTheorem) : For deIN
,

I SIR) -IN
with the following property...
LetJ be a familyofclosa-

nondegenecula ↳alls
Let C denote the centers of
the balls .



 Assume that eitherr...

(i)CEIRQ is bounded
(ii) supEdiam (B) : Beg +o

Thena F
,T .., Is (d)

(possibly empty) subfamilies ofF
S

.
t

.

(a) Each Ji is disjointand
countable

S(a)(b) CE U Usi
i = 1 Bei

Q : If (i) holds and (ii) fails
,

true bisn't result trivially ytaking an arbitrarily large ball .


