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Reminder :PresentationTopics (Apr23)
make sureto come to X

office hours to show me
detailed notes ahead of time

Goal: 15minutes /3 pages notes)

Next week :

sign up for topias
for second round ofpresentations



Im(Racn-Nikodym) :
Consider-finite signed
ressure v ando-finite
positive measure e on (X, 24).

There exists
·
a -finite signed measure
X on (x

,
m)

·
a measurable function
fix- [0

,
0] S

.
t

. EA for
is -finite que Decomposition

"
1) Labes

for whichd=x+fu
and X+M .

Furthermore, & is unique
and f is unique
, up

to

M-G .e
. equivalence .



This uniqueness result
gives some nice basicproperties of the RadonNikodym derivative .

Also supporte
~A + V2 well-defined

Lemma : Suppose va and
-.-2 are -finite signed
measures

S Mo-finete
positive measure and
V=M and VzM .

Them

=de , Ma .
e
..



Drop :

Suppose v isa-finite-

ned measure and ↑sig Mi
and --finite positive
measures St

.

VMand
uX .
Then 1 and

=, X-a . e.

Labesque-Besicovitch
Differentiation

Specialize to (X
,
e)= (R

,Bia



of
-

A key too l...

Ihm(Besicovitch's coveringTheorem) : For deIN
,

I SIR) -IN
with the following property...
Let T be a family of closed,-

nondegenecula ↳alls in Ra
Let C denote the centers ofthe balls .

Assume that eitherr...

(i)CEIRQ is bounded
(ii) supEdiam (B) : Beg +o

Thena F
,T .., Is (d)

possibly em phyfamiliebatt
S.
t

.

-
-

(a) Each Ji is disjointand
countable

F

are
S(a)(b) CE W u5
i = 1 Bei



Q :If (i) holds and (ii) fails ,
isn't resul true+ trivially by
taking an arbitrarily large ball?
# : Yes. If Lis bounded ,
dium([)+* so if we
*

choose Be a so that
diam (5)-2diam(c)

,
thenCEB

.

Rak : The theorem is formulated
inthis way since , in manyC is <leapplications, allybounded... then don't need
to check anything aboutdiameters.



We will always assume M
is a Barellocallyfineu givesmeasure

finitemeasure
to all balls

Rachaniau studywill
provethat

all such measures satistythe following:VEEBRO
,

inner regular
:

M

onterregularningMe
tinuous functions are densecan

in (
*

(u) : Vfe( =(u), 530,
5 ge((IR9s .t . Ilf-ylyl



Bef
: A measurablefunction

- is locally integrateWit.M) denoted foodul ,
if

If((du(x+0

, XK-Bibounder

Defi Given feLoful ,xERdthe average value of far-

Br(x) is

Arf :=utyduly) one geSG ifu(B)
=0



RK : If fe(IR) Livau) ,
we have that , for
XPs.

t
. MIBA) o,

we have #
Arf(x) =+> f(x) .

To see whythis is true , notethat 230 7 RS .

r = R
,
(x
-y
== (f(x)-f(y)kE .

Thus
=1

(Ar-f(x)-f(x)) un

=

u(y)
- f(x)+

ulBr(i)

In - f(x)duy)



Fully
↓ provided rER.E

This showsArf(x)=f(x)
.

Rmk:) holds forM-ae . X
.

That is
, the set

S:=EXEIR/Br(x])= 0 for some 03X

is u-null . T such X,- or
any

7gxQ1R> , PxtQ St.-
x Byy(px)= Br(x) , sum(Bgx(px))=0.X

Let J = EBgx(px) : x + S]

m(s)= [u(B) = 20 = 0.
2)F BeJ



majoryouofthiswe
all f+Lioc(u) .

Jemma : For all r >0,

x +> (Br(x)) is ISc,M
x>u((x)) is use.

Of : Exercise
Zemma : If feltocfu) , ro,-

Arf(x) is measureable in X .

-

furthermore , if X , rare such
that Arf(x) > 0 than under,
lim
n Armf(x) = Arf(x) .



the previousOf Applyinglemma to M andflde
we see that Borelset
-

-

x+u(Br(x)) + 15x :u(Br(x)
(x)-

j =23
x+yuy)

xydl
are all measureable

.

Therefore , Fr > o,
Art() =

Gua Eyldmy ele,

8 ifu(Brix)) = 0.

is measuralte in X
.



Sup70s2XOsaisyArfxthem M

Fix ratr . By aty fromabove
,
for any locally finiter,

har()) =~(1 Bra()
ne/

= V(B(x))

&FEINEsljer
Applying to V

=

u
and

v = far ,

uta andIflyllyo
are both right continuous.



Thus , theirproduct is rightats .

#

Def:Given fe Locfu) , the-

I MaximaltardyLittlewoodfunction Hf : /Ra -> [0 , + x] is

Hf(x) : = sup Affl(x) .
r > 0

Rank : For
any
a 0
> Bird

Hf
+ (a

,
+a)=f)(a ,+d)

>0 EBird

x( H+ (a
,
+a)) =u)(a

,
+x))

G6 ,geE)Hf(x)=ArHfI(x) >a-

Es a is not an up per
bound of SArlf(x) : +>]



where the last equalityfollowed By right continuity,
Ar(f((x)-a(=) 7 g + Q , g>,

Sit
. AgH((x)>a

Thus H(a
,
+*Bird and

It is measurable
.

Ihre/l LittlewoodtardyMaximal theorem) : For all

feltful ando

us(x :Hf(x) =23) 11 f()(z()
Rmk : It turns out that
H : (F(u)* ((u) · The previous
thm show H : (F(u) -> (7 ,0() .



Proof next time i


