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 In our studyaf Lebesque
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Besicovitch differentiation,
we will always assume M
is a locallyfinitee Barelmeasure

Rachaniau studywill
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note that ifs

is a nechlocally finite sigPo, so isBarel measure an
181 .
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integrablef is locally--Wit
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Arf(x) => f(x) . #)

Rmk:) holds forM-ae . X
.

That is
, thefollowing set isM-null
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S:=EXEIR/Br()= 0 for some 03.

majoryouofthiswe
all f+Lioc(u) .

Lemma : For all r >0
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Arf(x) is measureable in X .
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furthermore , if X , rare such
that Arf(x) > 0 then under
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impliesIm
n=0 Armf(x) = Arf(x) .
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 Now , we will use the
maximal theorem to provee.

Thm/Lebes Differentiation
- gieTheoram) : Suppose feLioam).
than
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forM-a .e . X,

(150uTE (1 f(y) - f(x)(du(y)=0 ,
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 Rmk : Note that (* ) implies

HInTEr[f(y) -f(x) du(y)1 = 0
Il

HsInTEr[f(y)du(y) - f(x)
Our strategytoprea the ↑theorem first

prove this weaker property-

for Er = Br(x) .

Prop : Given feltocu) , forma .
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: Fix NEW . We will
show ↓ Arf(x) = f(x)
for Ma .

e
. x & BN(d) - null set↑ on which

result fails
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Ther
, writing Br(a)

= GNUZN ,
+ we see that thedisjoin

result halds whereeveryVz whichexcept N-N , isunull
For XEBN(o) and r = 1

,

Arf(x) only depends an

flyfor yEBN 10)
·

Thus,

cing f
with

+ 1
BN+,(0) )

we may
assume fe (Ful.



 Fix 930 . Choose ge((Re)st .

(ly
- f(((=(u)E .
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limsup(Arf(x)-f(x))
r ->6
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+ (g
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By HL Max Thm, E
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M(Ec= + 2

Since E30 arb
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Finally, u(Ez) = 0 and

xE implies
lisyp(Arf(x)- f(x)) = 0 .

Since ulTY = 0 , this

gives the result.



 eow we can prove the
main result .

Of : We will first show theresult for Er =Br .
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Fix a /R . Applyingprevious
prop to ga(x)
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=>
If(y) -f(x)((f(y) -gx) + 2

Thus
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Findchoice of gx .
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Sincewasarlite a
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for Er = Br(x).



 Now , let EEr3rs be
sets shrinking nicelytox .
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-f(x))du(y)
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We will now relate the
Radon Nikodym derivative
to
average behavior ofmeasures over balls .



 Ihm: Let v andi be

locally finite signed and
Bositive Barel measures
on Ra.

Let

dr =dx +f
be the Lebesque decomposition
Then , for ja . e

. x
,
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: Note that drl=&W + IfIdu,
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Let X= EUF be apartition
intoanull ,
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Claim :
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 If the claim holds
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So

0 =M(X)
=u(5xF : linu(03)
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Furthermore u(F)=u(E)=0.

Thus limsupB) =0Ma .
C
..
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~Pext time use Besicovitch

to prove claim :


