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May5-

May'tThm/Lebes Differentiation
- gieTheoram) : Suppose feLioam).
than

,
forM-a .e . X,

(150uTE (1 f(y) - f(x)(du(y)=0 ,
u(Er)

"shrink nicely&

ForanyE& S
.

t.

listE
-

We will saythatany &Erasatisfying"shrinks nicely" to x



Ihm: Let v andi be

locally finite signed and
Bositive Barel measures
on Ra.

Let

dr =dx +f
be the Lebesque decomposition
Then , for ja . e

. x
,

f(x) =Li
CranyfamilySo ex



Of
: Let X = EUF be a

partition intounulland
*nullsets

.

Define
Fk : = ExF:

M

Claim :u(F() = 0Xk .

# remains to show the
claim . Since O = (x1/F) = (x1/Fx)
and 11 is outer regular ,757 , 71q7Fk , Neopen,
Sit . (x/Uc)< E.



For each XEF1
,
7 rx>
-

st
. Bry(x) = Ne. furthermore,

75x = rx S .

t
.

(x1(5)) >[M(B1) .

Let= [Bx(x) : x + Fk3 .

By Besicovitch,SM)
u(Fk)= E 2 (5)
j= Be
SM)

-E [kIIT)
j
= 1

EFj
S(n)

[k[(x1(22) =kS(n)E.
j
= 1



Therefore , M(FR)=0 .

First application ofLabesque-Besicovitch↑

differentiation
:

use

'differentiabilityweak diff
of measures of functions
one onedimensional Euclidean

space
What is the correspondencebetween measures andfunctions?

Recall : Given F :R--R

increasing ,rights,andF(- a) = U
, cully finiteBarel measure MF satisfying



MF()-0,x])= F(x) , XXER.
Furthermore

, any:

Is Bolmeasure isfin ofthis form for some F
.

Abuse of notation : Given F: /RAIR-

+ (-x)= lim F(x)Y -7
-xEI* lim

x- + xF(x) &
as long as these limits exist .

Q : What is the analogue ofthis correspondence for
signed measures ?

A : Functions of "boundedvariation 11

-



total variation is thefunctionDefGivenFRis
by
-

Tf(x) =

3suSFx]- F(xj-Mine=0xxx ....xzx
@mk : If F:-R is

smooth and all derivatives
bad

, Xj

EISFdsIEIFId
T(x) = -xj +
F-

suSFXI-F(xine,xxx ....Ej= 1



OTOH
,
we may express

# as

XjSF/sids)marax
Yj- ford-
> IF'(s)I
partitions
refined

X

Thus
, TF(x) = SIF's)Ids

F -L

turS

TF(x) represents the total
distance traveled particleby
up to tim x.



&K :

(i) adding a point xi totheartition increases valueP
of objective In

(ii) If a < b
,
we may assumethat a is a point im

everypartitionusea
TF(b) = TF(a) , so it is
increasing
.

boundedDef : F:/REIRisHd+0.-variation
-

Let B denote the Set
all such functions .

of
Ex : Vxox

, /F(xo)
- F(x)) =TF(x)ETf(x)

Thus FEBV= F is bounded
.



Ex : F(x) =sin(x) is bounded
but Cheuristically) FEBV
Ex :If F : /R-IR is bounded
and
TIinCres)and FEBV
Ex: If F

,
GEBV

,
a
,beR

then aF + bEEBV .

Thm : FEBV iff FFF Ez
for Fi bdd , increasing .

We
may

take FFTETE
F2=(TF - F)



LemmaIfffBV
,
thenTEo)=O

: For all xEIR , E30 , 7
Xo ... Xn = X S

.

t.

M

[lF(xj)- F(xj- ) = TF(X)
- E

j= 1

Furthermore
,

TF(x)]F-FT
Thus

, TFx-TExFTEx)-E ,
so E >Tf(X0) .

*

Now
, we can prove the

theorem .



Of"Efollows by pricea
We show" => "Since

↑

F= (TF + F) - E (TE - F)
,

it suffices to show TFF
are bod and increasing.

We will show TF+F is bod
and increasing
.

Then we
-

have 1 - f
+- F) =TF - F is also,

Since
0 = TF-) = TFxYETFQ)0

&
TF is bounded, so TF+ Fisheld.

C + F(y).



Fix &30 art
Xo< ... < xn = xtasy Than I

n

EIF(xj F(x I Tf(x) E
j
= 1

+F(y)Thus, I n

Try [lf(xj-F(xj
j
= 1

-

Note:F(x)) + F(y)-F(x)
EF(y) YQ =F(x) - F(y)+ F(y) = F(x)
AtF(x), = F(y) - F(x)+ F(y) = F(y)zF(x)

This gives

TF(y)+ F(y) = TF(x)
- E + F(x)

Since E78 art
,
this gives result. I



Now
, we can prove main

result...

-

Im : Given FEBV , rightats ,

Fra) = 0
,
7 ! finite signed

Barel measureMF St .

F(x) =u())-2 , x]) , XXER .

Furthermore
, any finiteSigned Barel measure Von R

is of this form for F(x)=r(tc,*)
Lastly, I MFMTI



One last lemma.-

Zummu FiRtR right,

Ef : Exercise .

thm ,BypF)

where Fi bad
,
increasi

ngright ats , Fitd) = 0 . They
7 finite Barrh measures
Mill-- ,x]) = Fi(x) , i = 1

,
2.

Defina MF : =

11-M2 .

Then

MF(l-a , x])= F(x) .



Furthermore
, sighed measures

an uniquely determinedby their values on such
intervals .

Conversely , givenwas inthe theorem,

u = v
+
- V

-

,

where VI finite
Thus FF(x) = vepite

measuresa

are right ats , increasing ,-F= (x) , Su F : = F
+
- I

satisfies requiredproperties.


