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GivenFRRistotal variation is thefunction

defined by
T(x) =
F

suFx]-F(xj-MineN,0xx ....xn=z

We will saythatany &Erasatisfying"shrinks nicely" to x



@mk : If F:-R is

smooth and all derivatives
bad

, -TF(x) = S(F'(S)Ids

Rmk : a <b

TF(b) =Tf(a) + IF(b) - F(a))

Defi F:/REIR is of bounded-variation if TF(a)+N .

-

Let BV denote theSet
all such functions .

of



ally
Ex :FEBV= F is bounded

.

Ex :If F : /R-IR is bounded
and increasingTFxFF(x-FF)and FEBV.

Ex: If F
,
GEBV

,
a
,beR

then aF + bEEBV .

Thm : FEBV iff FFF Ez

forFidd,
Fz= (TF - F)

LemmaIf FeBV
,
then TFo)=0

Zemmu FiRtR right, ,



-

Im : Given FEBV , rightats ,

Fra) = 0
, 7 ! finite signed

Barel measureMF St .

F(x) =u())-2 , x]) , XXER .

Furthermore
,

Signed Bareany
finite

measure W on IP
is of this form for F(x) =

=v(l-c
,x))

Lastly, I MFMTI
Reall : Partition Formula

EE EiEBR
,

z↑ NEI

Note that this is not fullEil



Of We now show MFFMTF
Step1 : MFIMTF
Since finite Borel measures
are uniquely determinedb
y
their CDF

,
it suffices

to show

G(x)= M= ((
-

0
,
x] =M+(0,x])
= Tf(x)VxzIR

Since
,

MFl(xi - 1
,
Xi] = /M F((xi - 1 ,

Xi])
= (F(xi) - F(xi - 1))

we may estimate
...



Tf(x) =

suF]-F(xjineN,x ...xn=z
supMf(xi,X]) : neN

,
-@kXo ....XnESj= 1

↓ countable
==(-a, x] additivity
= G(X)

Step 2 :

MTF
I IMF I

IM = ((-0, b])
-MF(-0 ,a]))

-FMFIbYa ,b])) = 1 F(b) - F(a))
= TF(b) -TF(a)
=

M+= ((a ,
b])



Thus UTFFMF) ((a ,b]) 20 Valb .

Since(-5 measures are

characterized by values an
half open intervals ,
UTFF=)(E) 20 , VEEBR
H

MY (E) = +M + (E)
#

M+=(E) = (MF (E)

By Partition Formula ,
MullE) =supu(Eil : E= Ei, EiEBR

,

zNEI



supME : E =Ei
,
EEBR,
neN]

=

MT+
(E) ↑

=

Given F
,
when isMFI ?

P
rop

: Given FEBV
, rightsts,-

#- x7= w
,
then F' exists

2-a
.e . and F't(=(2) .

Furthermore ,
M =+ 2E)F

= 0 2-a .e .

MF2E) F(x)
= 3 F'(t)d2(t) .Y



Of : Let uf be correspondingsigned measure .

Exth-F(x)=EF((x ,x+h]) ,>MF ((x+ h ,x]),h

=S 13 11 1 -1

since (x , x+h] , (x + h ,x] Shrinknicely to x.y
as h ->0 this callenges
far 24 .

2
. * to +c(7(2)

where

dMF = dx + fd2 .

Thus # exists I-a .
e .

and F'- L = (2)
.



If MF + 2 ,
we showed

before f = 0 .

IfMr I , we showed
d
ME

= fd2
,
and this implies

F(x) =M = ()- 0 ,
x])=fd]
=FdI

↳

Just like there is a correspondence
between total variation ofmeasure and total variation

of function , also correspondence
-between notions of allalal

continuity,



-Def FREIR is aesublycontinuous if FETO ,
7 80 s

.
t

·
for all finite

collections of disjointintervals (a
,
b , ), . -- , (ax , bx)
N

·bi-ai8F(bj)- F(ai)/2.

Ex : Fisabs its = Funifcts
(N = 1)

Given FBV, right,
Fis absats #)MF] .



MF
]

.First,Superu].
For all E > 0 7 S-0s.t .

I
IIE) S for some EEBIR
=MIE) E .

Taking E
= Elai

,bi) , we
see that

i = 1

28.bi-ailS and
2

EXIMFIE)=EMai ,bi
N

F(Mf(ai , bi))

=Fbi-Flai)



Will show other direction
next time


