



































































































































Lecture 10

Recall

Proposition suppose Xisa Polish
space and f X RU to is Isc

and bdd below Then µEMIX

sup sgduigecblxl.ge
Sfdu if remix
to it Mecham

Pf Exercise 20






































































































































fymerly fymerly
I

tow should we choose Z U Flz u
so that KP coincides with
FEW ga where glo F or

D sup inf Flz u Qu
VEUP z u EZ U

Fly v sup Cy E Vin Flz u

zu EZxU

In the case of KPKP ing Ikea rum HtXmxy t
DEMENT

inf sup Ike 8 µ A 8,9
real 4 9,4 E b I NY V 8 4 Xerxy 8

up inf Ike 8 4A 8 µ 9 A 8 v14seek Axy 19,41 e X by
Xerxy t






































































































































Gathering the 8 s

Ikels 41 8 µ 9 A 8 V14 Xenixy
8

adu stdvt.fi f dfEddr
Xenxyl8

S9du S4dv sup Sulx y d8MEGIXY
way ctx y 961 Nyt

inf 9dm 54dv Xdu Sutxyldr
NEGATIVE

C uECbXxY ulxy ctxy 961 NyB






































































































































THUS
KP

inf 5119,41 a 6,8YEMENI THEGN CNY me GIXY

For
simplicity assume IX dx

and Y dy are compact metric
spaces

Fact IX MIX

What is the corresponding primal
problem F XxU RLE

penalproblem Po inffix Flx 0
EX

B






































































































































Bydefnof F
Po sup 59dm 54 do

19,41 e pH Cbly
91 1 4 yl Echigl Kxtx yet

Now prove Pr Do for KP

Thm Suppose x dx Y dy
are Cpt Polish spaces and
CE XY 20 Then
MEP x VEPLY

inf 11181 sup 59dm Stdu

8Eur 9,4 ECA CY

If 904Eur
Furthermore the maximum is attained






































































































































Lemma Let IX dx be a metric

space and et a set Suppose F is a

collection of functions f Xxt R

Suppose ft a if ETH tet is e cts
Then Ifaff α f e FB is e cts

Pf Exercise 19
Double convexification trick

Prop Suppose X dx Y dy are

Cpt and c Xx Y 0 to cts
Given

Qi Yi Biet XI Y 9 20

UBic.IE Xx Y unit bold e cts
Flai Vil mi at a ifI






































































































































defineGik iffy x
y
mix
g Yily

Yily If clxigtuilx.gl Tik

Then ieI T ieI are

unit bad and e cts and
F Gi Til ail F Qi Yi ail

PfSince Fl Ai Mil ui at o

wilt y 9in Hilyl
Eck
g

x

guilt
g Nily

Thus EE yey Yily
Ltd






































































































































Bydefinition of
9T

Qi x Filx Uik
g Elxthily

By lemma e cts dig
00

will finish next time






































































































































Recall Given a compact metric
space X FE X Arzela Ascol
ensures

Funifbdd eguicts F compact

Wow use this fact to prove
Po Do for Kantorovich problem

PfF 19,41 a 59dm 54du
X
uh g an ygÉÉ

Plu anxiety F 9,41 a

By theorem on equivalence






































































































































of primal and dual problems
it suffices

to show

Step 1 F is convex

Step2 Plo at a

Step 3 P is Isc at 0

_to conclude Po Do

Step 4 Prove the primal
problem has a sol n

Sep11 This can be seen from
the defn of F
Sept 1 Plot F 10,01 0 0 0






































































































































Step Suppose un 0

We must show uniformlyon

lifting Plan P o

WLOG suppose
a lifing Plan

Let Un denote a subsequence sit

lim
k a P funnel lifting Plan

This ensures Plunk Ctd KEIN

Suppose Plunk o

so bydefn of infinum KEIN

9nk.tn E XI CMI sit

as Plunk Flankind unit






































































































































Note that CneR definning9nF Anton Yn Un Cn
we have

F Can 4nl un F 19min un

Thus we may assume 9m20

Since Un 0 any keN unit bold
e cts

B Double Convexification Lemma
913 In are

unit bad and e cts and
F 9nytndunk FCCG.intand

Thus
as Plunk FAGnitnd.ua






































































































































ByArzela Ascoli further

subsequences Ink Ink S.t

Tn 9 ECM Tnp Ye Y

Since by definition
Unicking In lxl Inly Eck

ydk a

0 9 1 1 Hyleckg
Therefore
Ea Plunk Etf FAQ Tndand

158 Saidu naduI
59dm Nadu
F 9,4 1,0
If F 19,41101
P o











































































































































































































































































Exercise 21 Extend the previous
theorem equating P Do
to the case when c is Isc
and bdd below

What about X Y noncompact
Key difficulty no more ArzelaAsed
For X Y Polish spaces one

can still prove Po Do

In general need to enlarge the

space b x b X to get
existence of optimizers 1994






































































































































Alert common terminology abuse

inf 11181 sup 59dm Sudu

rerun 9,4 Eck x

904 C
Primal Dual

From Kantorovich back to Monge











































































































































































































































































Exercise 22 Consider X d IR 1 1

mF 88mn Sci a s 8 1,1 88cm is

Show that folx f x1 x2 x2 x2

satisfies i above and find

two distinct OT plans satisfying
i











































































































































































































































































Remark Qi Fi are the Moreau Yosida

regularizations of Yi Ei with
respect to the square distance








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































