



































































































































Lecture 11

Recall
Thm Suppose X dx Y dy
are Cpt Polish spaces and
CEC X Y 20 Then

MEP X NEPLY

inf 11181 sup 59dm S4du

8Eur 9 4 ECK CM

To 0122T
Furthermore the maximum is attained

Recall
F 19,41 a 59dm 54do Xcta
C UE b XY u x

g
91 1 4 g clx.gl






































































































































Double convexification trick

Prop Suppose X dx Y dy are

apt and c X Y o.to cts
Given
19,4 Iet Y 9
Ui Xx Y unit bold eats

EERF Ai Mil uilato

Then 9i ieI T ieI are

unit bad and e cts and
F Gi Til ail F Qi Yi ail

Pf Choose COER sit it I

Co F 9,41 a 59dm Stidy
Fx EX Tax 9kt TTYYily
yit Y s t Gi xi Milyi





















































































































































































































































































































































































































































































































































Recall Given a compact metric
space X FE X Arzela Ascol
ensures

Funifbdd eguicts F compact

Wow use this fact to prove
Po Do for Kantorovich problem

Rf
P u Given x y

F 9,41 a

Step 3 P is Isc at 0

Itep Suppose um
uniformyyonWe must show

lifing Plan P o











































































































































































































































































so bydefn of infinum KEIN

9nk.tn xlxCYls.tt

Plunk Flaminia unit
Tbdd above unifinken

Since UnFO unk keN unit bold
e cts

B Double Convexification Lemma
913 In are

unit bad and e cts and

Flanked and F Camandund

Thus
a Plunk FAQneitnd.ua






































































































































ByArzela Ascoli further

subsequences Ink Ink S.t

Tn 9 ECM Tnp Ye Y

Since by definition
Unicking In lxl Inly Eck

ydk a

0 9 1 1 Hyleckg
Therefore
Ea Plunk Etf FAQ Tndand

158 Saidu naduI
59dm Nadu
F 9,4 1,0
If F 19,41101
P o
















































































































































































































































































































































































































Exercise 22 Consider X d IR 1 1

an 88mn Sci a s 8 1,1 88cm is

Show that folx f x1 x2 x2 x2

satisfies i above and find
two distinct OT plans satisfying

i






































































































































Exercise 23 Double convexification
for quadratic cost on Rd

Given 9,4 Rd x Rd
S.t F 19,4 07 0

define

Gly Had x y Nly
T Ix infra tx yr 9H
Then
i f x 1 12 91 1 Lu
and is proper Isc convex

oil fly ly
2

Myl
in F 19,410 F 19,41 0

















































































































































































































































































































































































































