



































































































































Offile Hours RemindersLecture 12 Today11 12 solutions for 2 3 exercisesTomorrow 10 11 First wiki article due Fri Feb 14
Selectarticle to revisebyFriFeb2Recall

Thm Suppose X dx Y dy
are Cpt Polish spaces and
CEC XY 20 Then

ME P X NEPLY

inf 11181 sup 59dm S4du

rerun 9 4 ECK CM
91 1 4 g lx gl x

gIf It
Furthermore the maximum is attained

Exercise 24 Consider the problem
inf Ʃ
XERM i

Xici

Ax2b
Find the dual problem






































































































































Exercise 25 Consider metric spaces
X 4 and MEP x VEP Y givenby

u ET Sxini v EgSyjVj

If c Xx Y IR is the cost for in KP
show that Cij chi gy

Leikam EgCijPing
Ulan PERMM Pij 20 Pij Ui Pij vj

Next prove that the optimum value
coincides with the dual problem

supfiuitfgjvjfe.IR
gElRmfitgjECijVij






































































































































From Kantorovich back to mange

Them Knott Smith
OptimalityFx XE Rd cpt clx
g

x ylUNEP X

i fretful proper Isc convex sit

O
sup 59dm SYdu 51 12 261 1du
9,4 b x Sly 2fBlyldv91 7 4 g Ecky

For
any

OT plan to ytdf.sk Gae
same for for all 8






































































































































ii Conversely if 8 Plan and
felt u proper Isc convex for which

yed f x 8 a e then

TgualityholdsinYoung'sinegualityaei

8isoptimalii.bf satisfies

Remark Though we prove the
result in the case X cpt
so that solns of dual problem exist
the result continues to hold
for X Rd provided that
µ VEP2 Rd where

P2 Rd oeP Rd S x1 do x to






































































































































Pf
Last time we showed art i

Now show ii Suppose Y and f
are as in ii

For
any

8 Plan we have

51 12 2 f x du sly 2fPyldv
f 1 12 2 f x ly

2
2 fly drxing

Young'sInequality
5 1 12 2 x y lyrd8kg
Six year x y






































































































































However for 8 equality holds
throughout Thus

SkyPd8 x y
S xp 2 f x du s ly 2fPyldv
Six year x g

Since I was arbitrary this shows
8 is optimal

This also shows i

We now have what we need to

characterize solns to Monge's
Problem






































































































































The Brenier Given µ V
E P2 Rd

suppose MCCL
If 8s is an OTplan t meas

S t Je idx t µ
Any OTplan is induced by a transport

map
t is an OTmap id t µ is an OTplan
Given ts.tt m V
t is optimal for Getful

convex Isc

the OT map from a tov is uniquely a e

Remark While we assume madfor our proof the result
continues to hold for any ns.t
µ s 0 SE B IRM of finite d Idiril
Hausdorff measure






































































































































Recall
I

Xo

1 8
0

0

We know an OT plan exists
It's clear that no OT map
can exist

This motivates why µ can't

give mass to small sets






































































































































The proof relies strongly
on

the
following theorems

Thm Rademacher Given U Rd
open and f U IR Lipschitzf is differentiable Lebesgue a e

on U

Pf See e.g Folland p 08 Ex 37

The Given me p Rd ucL9
9 Rd IRU convex 9 Lu
i 9 is differentiable u a e

ii where it is differentiable 29 5093

Exercise 27 Prove part i






































































































































Now we can prove Brenier's theorem

Pf
First show Suppose 8 is an

OT plan By K S them foetal
proper Isc convex sit

yf Of x 8 are

Let B XE Rd for is not differentiable

By previous thm0 M B 8 Bx Rd
so 2f x Vfk a a e

Thus ty ee.tt

Consequently gE 17 8 1






































































































































Sglx.gl08 g Sg
x Vf Kld8

y
glx V A dullS
glx.gl idxVf M

Thus XP id Vfp u
Yote same for for

any OT plan 8

dow show
is exercise 28

Let t be an OT mas Then
1K idxt a 1K fides u

for
any

s sit S
µ v

Let 8s be an OT plan Then
8D id Pfs u Thus






































































































































1K Id xD ME K 8D
and ideal he is an OT plan

Now show Consider ts.tt m v

First suppose t is optimal By

Eth
is an OT plan By

y
Vfo x 8 a e

Thus

Sly Tfo x ld8
g

It x Pfa x dux
so t Pfs µ a e

This shows

I









































    	 	 	 	 	 	 	 




























































































Finally suppose t V9 for Gettful
convex Isc

Define 2 idxt ME Mun
Then

Sly 791 7 d8k g
It x 79611dm x 0

so
y

79 x 891 1 8 a e

By K S 8 is optimal Byt is an OT map

Immediate consequence
Givenused

For
any aso.be

R t x axtb
t is the unique OTmap from µ to t u






































































































































We just saw how the dual ofKP helped us solve Monge's
problem for clx

g
x yl

More
generally similar

arguments can be used to show

The Given
XEIRdcpt.MN

EPIX ax
g
h x yl forh

strictly convex
OT plan to

if use L then D is uniqueand D id t µ for
of map

tix x Th V9 x

Pf Santambrogio Thm 1 17






































































































































One last important application
of Kantorovich duality1Kp 8 Sdk y Pd8 x

yThe Given X Cpt Polish UNFPA
clx g

dix
g

inf 1K1 8 sup 59dm v1
JEMUN GEC X

1191
Lip 1

and 9 that achieves Tmax on RHS
191 9 y dix g xget

Remarks The first part of thetheorem continues to hold on

any Polish space X under
the additional constraint
QEL 14 v1






































































































































Pf By Kantorovich dualityit suffices to show

sup 59dm 54du sup59dm v

9 YE X 9E X

91 1 Nyt Edf g
1191 Lip

First 112
Suppose 9 x 11911 Lip 1 Then

taking Yly 9 y 9,4
satisfies constraint of LHS
and the value ofthe objectiveth is the same

Other direction next time


