



































































































































Lecture 13 Reminders
Solutions for 2 3 exercises
First wiki article due Fri Feb 14
Selectarticle to revisebyFriFeb2Recall

The Brenier Given µ V
E P2 Rd

suppose MCCL
If 8s is an OTplan t meas

5 t Je idx t µ
Any OTplan is induced by a transport

map
t is an OTmap id t µ is an OTplan
Given ts.tt m V
t is optimal V9 1m a e for QEL fu

convex Isc

the OT map from a tov is uniquelya e






































































































































More generally

The Given XE Rd compact
MN EPIX ax

g
h x yl forh

strictly convex
OT plan to

if use L then D is uniqueand D id t µ for
of map

tix x Th V9 x

Pf Santambrogio Thm 1 17






































































































































One last important application
of Kantorovich duality1Kp 8 Sdk y Pd8 x

y
The Given X Cpt Polish UNE P X
clx g

dix
g

inf 1K1 8 sup 59dm v1
JEMIMN GEC X

1191
Lip 1

and 9 that achieves max on RHS

Remarks The first part of thetheorem continues to hold on

any Polish space X under
the additional constraint
QEL 1m v1






































































































































Pf By Kantorovich duality
it suffices

to show

sup 59dm v1 sup S9dutStdv
GEC X NECK
1191
Lip

1 91 1 4 ylEdky

Last time Now show

Take 19,40 that attain max on RHS

Define Tly if dixy 9 1 1
Ñ Y
9 1 Flyl digTis Moreau Yosida regularization
of 9 so Exercise 9 ensures 11711ft






































































































































Thus 19,4 is a maximizer

Define 97 1 inyfdk.gl Tly
Then as before 19,7 is a maximizer

In particular 91 1 Fly Edlx g Kay
so 91 1 71 1

Since IT hip I da y Flyl x ̅
so 91 1 71 1 Thus 9 7

This shows 2 and that an

optimizer of LHS exist

p Wasserstein metrics



Def Given X d Polish MNE Pix

p 1

Wplu 0 min 1Kp s
P

JENNY

Rmk
By Jensen's inequality for p q

Kpb Kp 8 to dPlxyPd8 1kg181 8

Thus Wp un Wg u u

If diam Elydix g
to then

for all p q



Kq8 50 yld8
SIPlx.gl diam x 8 Pdr

Hence Wqlu u diam x Wplmv98

Goal ProveWp Pp x is a metric space

Polx uePix FÉÉñaa
To prove our goal we recall

for some xotx

Im Disintegration Given Polish

spaces X Y and SEP XY
let M Tx 8 Then there exists

unique n a e

8 3 ex P Y
S.t meas f Xx Y o to

xtfflx.gldoxly is meas

g do ix g flx.yldt.lydulx



Pf Bogacher section 10.6

doxy
FF

41

c x

duty d8xaly normalized
to be a

probability

Ya 42



Pf Bogachev section 10.6

Ex If drix
g

fix yldL.MXdLTy
then dulx glad 211 for

glx Sfk yldL lyland

doxly fix yld2Ty
glxwell defined m a e

Core Given Polish space X
812 EP Xxx 823 PX xx sit

T2 81 T 823
Then YEP Xxxxx sit

11,2 8 812 T2 3 8 823



Pf Let
do x x Xs 081,1 1008 1 31 dulxa

Then flxt 2120 meas

S fix a d8 x x2 x
Xx XX

1 x2 081,1 1008 du x2

5 5 flxixidoklxi.IEixs duke
X X X
Sf x x2 do x x2
Xxx

Thus IT z 8 8 Likewise 12,3 8 823



The Suppose IX d is a Polish space
Then p 1 Wp Pp x1 is a

metric space

Fact dB g dlxixoltdlx.ly
P

2P ldEixoltdPkoyl
Pf for any retail

ByFact Wplm v Sdk yld8 x g20 Sdkxxdtdko.gldo
20 Mpful Mpfulkta

Thus Wp Pp x Pplx o to

By defn it is symmetric

To see Wp is non degenerate



Suppose u v Then 8 id id is
a plan from in to V and

IKp 81 SIR g do SdPkxldu
o

Thus Wplun 0

For the converse suppose Wplmv1 0
Then if is the OT from en to r
0 1kp 8 5dB x yld8 x y so

x y 8 a e Hence f 20 meas

sflxldrlx.gl Sflyld8 x
y

Sfk dux Sflylduly
Thus u v

It remains to show triangle ineq



Fix Mi MzMz Pp X
Suppose 812 is an OT plan fromMitore

823 Mtu

Bycorollary SEP Xxxxx sit

11,2 8 012 and 2,3 8 82,3

Bydef T 8 812 M
Tz 8 3 82,3 13

so M 8 MM M3

Wplm M3 xslditi.es 8
P

5 d 3 do
Xxxxx
Ild it 3 11298



Ild T1 T2 Altz I 3 11 20181
Ild Ta 1120181 Idk 3 112012

Kp 11,7 81 P Ikp T2 3 81 P

Wp Milk Wpluz Ms

Next goal characterize topologyofWp

Recall from Lectures 4 and 5

Thm_ Prokhorov Given X Polish KEPA
K is relatively narrowlyopt Ktight

soFketxs.t.euXIKE EEVMEK

In Portmanteau For
g
X IRV to

Isc and bad below µ gdm
is Ise wrt narrow

convergence



Exercise 29 Suppose unsu and
unsu narrowly and one Plunion
Then Jnk sit Jnk JEMUN
narrowly




