



































































































































Lecture K Reminders
Solutions for 2 3 exercises
Selectarticle to revisebyFriFeb2

Recall

Def Given X d Polish MNE Pix

p 1

Wplu 0 min Kp s
P

JENNY

Rmki for p q
Wp un Wg u u
Wg u u diam x Wplmv98

Pp x mepix FÉtÉxcta
for some xotX






































































































































Im Disintegration Given Polish

spaces X Y and JEP XY
let M Tx 8 Then there exists

unique n a e

8 3 ex P Y
S.t meas f Xx Y o a

xtfflx.gldoxly is meas

g do ix g flx.yldt.lydulx

Cor Given Polish space X
812 EP Xxx 823 PX xx sit

T2 81 T 823
Then YEP Xxxxx sit

11,2 8 8 T2 3 8 823






































































































































The Suppose IX d is a Polish space
Then p 1 Wp Pp x1 is a

metric space

Tact dBg dlxixoltdlx.ly
P

2P ldEixoltdPko y

Next goal characterize topologyofWp

Exercise 29 Suppose unsu and
unsu narrowly and one Plunion
Then Jnk sit Jnk JEMUN
narrowly






































































































































Prop Wp jointly
Isc wrt narrow conv

Suppose X is a Polish space and

un un E P x satisfy unsu un o

narrowly Then
limits wpfun.vn 2Wplu u

Pf Exercise 30

Now we can characterize the

topology of Wp

Tha If X is a Polish space
for
any mn M

E Pp X
Ma Wplun µ 0 Mn µ narrowly

MplantMph






































































































































Pf First show
Suppose Howplun µ

0

Note that VE Pp X
Wp 0,8 1
SPx.yldrsfmpltTW

yxa.e.la

pfxo WpWfxl
ima Mplual Male
Now we show Mnu narrowly

wplun.nl Wafun M






































































































































sup 54 d un n
HE C x MhipEl HE L7Mnul
sup SYdlunar
XE b x 11411Lipel

Thus for
any

Y b x 11411
Lip
4

mar 5Ydun 54dm

More generally for any
4 bx

with 11411Lip
8

Ha Stdum times HY Sudan 54dm

Finally for any
fe b Exercise9

on the Moreau Yosida Regularization






































































































































shows that
9K KEINE DX

gkllzipctds.t.gr f pointwise
and ge inff
Thus
lining Sfdm 1258 If Sgkdun

lining Sgeder
Sfdu

Similarly since ft b x

Iff Sfdun Sfder
Sfdu limEBSfdun

Thus limoSfdun Sfdu and
mn a narrowly






































































































































Now we show k

Suppose Mn µ narrowly
Mplun Mful

Choose on OT plans from until
We must show has dkx.yldrn

ostep1

tn doesn't put too much

mass at infinity
Since Mplu to by MCT
Esto SIP xoiyldulylmplukto.BRzlxo
Thus EO

Rs.t.SPlxo.yldu mplal Sdkx.lydulykEBRkxo Briz xd






































































































































Thus for all ESO Rsuff largest
limsup Sd x y dunlyno

Billxo
inmsvpmplunlt fdkxo.lydunBrizkd
Mplu timingsdkxorylfktn.hn

Portmanteau Tadbelow
Emplul 5daryldu

Brizled
LE
Thus un doesn't give too much
mass at infinity

Fact d x y 2 max d x ol diary
dix yl C either dixpot 42

or a g 242






































































































































limsupsdkxyldrnk.glno dlx.glRelimsup2PSma x kylldrnnsd

Brilxo x X U X BE x

lineup 2P flxyldon 2P f x g don
Brixd Began Briad

doesn'tchangevalue of
integrand

Will fix this step next time

For now take the conclusion ofthis estimate Eso RTO

saff large so that
limsup 5 dPx g d8n E
n 70 d x y R






































































































































Consider
limed SOPx.gl don

choose a subsequence Jnk so that

msksdixiyldonYEnsdkx.gldrn

Since unk µ unk 0 narrowlyfurther subsequence One S.t
replant
abbreviate In for simplicity

Portmanteau since IPhighFurthermore is lsc and bdd below

Kp 8 117 Kp Jnk

Finish next time










































































































































































































ApplicationofMetric Properties of OT
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msn it a




















































Idea Leverage goodgeometryof Wa
to improve computational efficiency


