



































































































































Lecture 16 Reminders
Solutions for 2 3 exercises
Revise article by March 7
Makeup LectureRecall Friday March 14 9 30 10 45a

The
Continuity Equation

CE

CE AMEX T.lu vH tY

OMtlx1t r Molx

Def Given TO notch Rd
v Rdx OF Rd measurable
µ O T CM Ra is a weak

Ioof KEI if

i 9 Rd
a th padut is abs cts
b ftp.ddut pf x v xitldutlx

fora.e.te o T



ii ftp.alv xit ldutkldtctd

Def solution ofODEGiven v Rdx O T Rd meas xoer
we say 0,17 Rd is a solution of

CODE xH̅ W Xt t

O X

if
i x is abscts on O T

ii x t Xo fulxis slds te o D
hen ODElholdsfora.e.te.cat



Recall

Def f
a b IR is

absolutely
continuous if

970 5 0 S.t for
any

ai bibi a b disjoint
Elbi ailcs Elf bi flailke

ge L1 a b sit

I f t f s girl dr site a b

f is differentiable a e on a b

f E L a b and holdsforget

See Folland 3.35



Fix whit Suppose that a

Soln of CODE exists for
all xof Rd In this case

we may consider
the flows map

induced by N

Xt ly x t where x tl solves
ODE w i c

XFY
Then for all te O T Xt Rd Rd
is well defined

We now show that pushing forward
a measure by this flow map gives
a soln of CE with velocity v

This is the Lagrangian perspective



Prop Fix w x t not P2 Rd
Suppose that solns of CODE
exist for Mo a e initial and not Rd
on O T Let Xe Rd Rd be the

correspondingflow map which
is defined Mo a e

Define Mt X Mo Then Mt teais a Borel family
Furth it fatrix Pdu that to

Me P2 Rd te O T

M is a weak soln of CE on Rdx o T

It
0 U O o

o o o o ii



Pf

there is narrowlycts
so

ME teat is a Borel family
Note that byJensen's ineq
alvlxtlxlitldu.at E

2

f S vk.tl dutkldt
III

fat vk.tt dutlxl dt

FI palokitlRdutkldtctx
This shows ii in defn of K E solnholds



Pf First we show i in defrog
weak soln Fix fe E Rd For

OSCEET

8Mt fafdms faflXtlxll flXslxllduo

Forxfixed.th Xxx is abs cts
on O T Since f is Lipschitzth f x x is abs cts so

f X N f Xs x fr f xrlxlldr

For fixed x r Xr x is diff
for a e rf O T for

any
such r

limit f Xr nlxl far x1
Iot f nk f XrkthXrk
h f X rk hirk f Xr x1

Ellfl Lip 1ft slds Erk 0

by Lebesgue's diff theorem












