



































































































































Lecture 1 Reminders
Solutions for 2 3 exercises
Revise article by March 7
No class on ThursdayMarGt

Recall Makeup Lecture
Friday March 14 9 30 10 45a
546535

Def Given a metric space X d
0 1 X is a constant speed

geodesic if site 0,1

dlxltl x s t sld lol till

Prop Given Mom EP2 RdlMoM
there exists a constant

speed geodesic µ between them

Furthermore there exists a

velocity v x t s.t.lu v1 solves CE and

Stax t 1 dMe x Waluate FEEDIrd



Rmk The prop continues to
hold even without

The proof relies on the following
lemma

Lemma SupposeMNEPZCRYM.NL
Let T be the OT map from µ to v

Let T be the OT map from Utc µ
Then To T id w a e Tot idu ae

so T is left invertible m a e with
inverse

Now we prove the proposition

I



Pf Since May cL OT

map T from Mo to Mi
Define

Tt x t t x Tx
At Te µ

We want to use Tt to define
w x t but to do this we

will need Tt to have a leftinverse Me a e By the
previous lemma this will hold

provided that we can show

Mt
CC Ld

Recall that by Brenier's ThmQE L7ud proper convex Ise sit



TX 91 1 for all XEA
O XEA

where MoCA 0

Since 9 is convex byExercise 34V9 V9
y

x

g
20 for x yThus

Ttl Telylix g 1 12 x yl x gtA
I Telx Tely 1 t x yl

T is injective on A
is invertible onto Tt A

with Lipschitz its inverse when t 1

Fix BEB Rd with Ld B 0

Then 70 Ikk sit

BEYI.IR and 2ᵈ IkkE



Thus for S BATTIA

Id TI IS Id TEVFIK
Id ITI III

I TI II

HOLIK

ftp.d

Since ESO was arbitrary 711s 0

Then Mo Tf S 0 so

o Mo TE S FMO TI BATHA
MolTI B A A M B

Mt B

d



Thus MELL

By prev prop we know Tt
invertible Meae and TE MEMO

Wow we will show Me is a
geofrom Mo to us Note that

Tex Ts MEP Mt Ms Thus

12
Mt Ms

Stx yPd Tx Ts Md x y
SITE x Ts x Quo x

It 5125 x T x duo x

E SFWEIMMI

For the other direction of the
inequality note that forts



Waluomi
Wallo yes WalusMt WalletMD
s t s f t walm.mil
Walur Mi

Thus
equalityholds throughoutand it is a geodesic

It remains to show Mt solves
CTY for some velocity Define

vk.tl To TE Ix TI x

for Me a e X

First we compute the kinetic

energy



Stu t RUNSlv Tt x1 t Idu x

IT x Duck
WEMOM

Lastly to see ur solves CTT
note that bydefn for urae x

Telx Tx x
W Tax t

Thus Mt Tt Mo solves TY
with velocity v

Now we will work to show
that all reasonably regularcurves in P2 Rd Wa solve TY



What do we mean by reasonablyregular
Suppose X d is a complete
metric space

Def Fix p 1 Osa b Then
x la b X is pabsolutelycontinuous denoted xeACP a b x

iF p
sit

d xltl 1st girlder asset.by
Rm k ForqEp ACPlaibjX EAC8aibxForptN this is Lipschitzcty

For p 1 ACRa bix la b ix



Def The metric derivative ofx a b Tis

Ix It 11 achell
Prop For any

x Pla b x
i Ix t exists for It a e tela b
ii glt lle is admissible in
iii lx ft glt It a e t for all

g satisfying

Pf Since x la b X is cts and
a b is separable X la b is

separable Let yn nE be adense sequence and define
dult dlyn 41



First we show i

Bythe reverse triangle ineq for

any g satisfying we have
pdlynixls.tl

Idnlt Inls dixit xlsD g rldrdlynixtell
Thus then t is absets and

DH sup Idritill
NEIN

is well defined Lt a e tela b
Thus for Lt a.e.tt a b

DIE
EPN lip.IEdfEd l

limingdlxltlix s gltsat 1st HA



On the other hand bydensity
of yn nE
dlxklixlsll quyldnltt dnls.tl

Few dinar

7 Euan IIdiner dr
fD r dr

Thus for It a e t

Insp Exel D t
Is t



Thus Ix let exists for
Lt a e tela b and lx'll D t

Part i follows from
Part iii follows from

We will show that all abs its
curves in P2 Rd We solve CTY

To do this a keyquantity will
be the kinetic

energy of
such a

curve

Spoiler kinetic energy
will be

metric derivative



Def For r x eRxR

fB rix
if ro

O if r x 0
to if r o o

orro

Exercise 35
For s g

E R Rd define
GB sig s yrs a sig

Then gB FB and FB gB
We will now use these to

define a generalized notion
of kinetic energy

d



Prop Given mech Rd
mech Rd define

Blu m sup Sfdu Sgdm
fe b IR IR gECb Rd 1129
f lg1 0

Then Blum is convex and Isc
art narrow conv

Pf Follows from Exercise 11

Me but to Blumk to

Jen T foul m vu


