











































































Math 260 R Optimal Transport
Prof Katy CraigNo office hours on Friday
Gaspard Monge 178 1
On cuttings and embankments

9
pileofdirt

Mix
Q How can we rearrange the dirt

in f to
look like g in the most efficient way
Q Why do we care

A The amount ofeffort it takes to
rearrange

one pile of dirt to look likeanother provides a notion of distancethat is useful in PDE geometrystatistics machine learning














































































Ex f x fall feet
2

1
2 2

1
itesxilft.at t.to

If we measure distance in the usualwayLP norms statistical divergences

51ft x fa x dx 4 51ft x f x dx

isn't ft more similar to to than fs

Moral common notions of distancebetween functions do not endow
independent variable with a

spatial interpretation
















































































For certain data sets this makes sense

source public health sbc org








































http
s://
ww
w.g
oogl
e.co
m/url?
sa=i&url=https%3A%2F%2Fdatasets.activeloop.ai%2Fdocs%2Fml%2
Fdatasets%2Ffashion-mnist-
dataset%2F&psig=AOvVaw1KXqxVNf9FmZL16cfZlSJh&ust=


For other data sets disregarding the
spatial interpretation of independentvariable throws

away importantinformation



Optimal transport provides a notion

of distance between
functions data distributions measures

that preserves the spatial interpretation ofthe independent variable

Over the past 20 years this has
had an enormous impact in

PDE two Fields medals
Villani 2010 Figalli 2018

Geometry novel characterization ofRicci curvature in terms of convexity
of entropy
Statistics

sampling

Machine learning neural networks

normalizing flows



Back to originaloptimaltransportproblem
source measure target measure

u o

dulx fix dxlx duly glydly
pileof dirt 88

11Th May

amountofdirt in region is fix dxlx u BB

Q How can we rearrange
the dirt in

f to look like
g

in the most efficient way

Emk This problem only makessense if Sf x dx Sglyldly
MIX V Y

WLOG assume u X NY 1



It turns out that the rightmathematical setting to solve this
problem is more general
We will represent the pilesof dirt as
measures instead of functions

X dx Y dyl metric spaces
B x Borel o algebra
M x finite Borel measures on X

P X Borel probability measures on
what does it mean to rearrange one

probability measure to look like another

Def transport map Given MEP X DEPLYand a measurable function tix Y we

say t tansport
v if

V B µ
t B BeBLY



We call w the pushforward ofIndent writte t M and
we call t a transportmapfrom
IV

source measure target measure
u o

dulx fix dxlx duly glydxly
pileof dirt 88

A Mktto x

tho B y

Informally mass starting atlocation to in µ is sent to tho
in v1 See Exercise 1



Ex translation dilation

Suppose X dx Y d x R1 1
Fix a o belR and let tix axtb

Thus for
any me

PCR the satistie

a B ME B µ BI

µ Eb yEB

N t

Ability EE hit
t B B

t x 2 1



Lemma equivcharacterization oftranspmap
Fivenue PM and t X Y measurable

t µ V 59 1 1duk 59 g duly
9170

salyldlt u

Pf Exercise 2
Lemma change of variables formula
suppose
felt xd f 0 Sfdx 1
µ is given by dulx f xld7
te

1
129 Rd

Idet Dt x 0 xerd

Then v t u satisfies duly glyiddly



where

gly fats otly
if yet Rd

if
y

t Rd

Pf Exercise 3

Application Normalizing Flows

Reference Kobyzer Prince Brubaker 121
e g µ uniform prob meas
or µ is a Gaussian

Problems Given a reference measure NEPIX
about which we know everything and
given a target measure ve PLY
from which we have samples yifind t X Y nice so that
t U v


