



































































































































Lecture 20

Recall
Theorems characterization of AC
curves and solns of KE
i Suppose ME AC 0 T P2 Rd
Then vs.t.mil solve CEland

15 wit 12dm x 2 full t a e t
Rd

1 Suppose Mio solve CEI and
T

forkit Pdueblat
to

Then MEA
2 0 T 8211191 and

lull t 15 wit 12dm x 2 a e t
Rd



Rmk If the result holds for T 1

then by reparametrizing in time
it holds for all To

Pf part ii
Suppose Mio solves CE and

IS w x t Pdue x d to
O Rd

First we will show M EAC 0,1 0211129

Let 9 Rd 0 d be a Gaussian
with standard deviation Eso

Let h Rd 0 I be a smooth

decreasing cutoff fn19h18 on B 2 0 on B2 1102162
Let Mr x 71



Then forany
fee Rd

9 f Mr E Rd so

5 9 f 2RdMt 5 9 f 2RdMt
R

Éj gV 9 f hr Viduet
1B to Rd

9 f Out 5 9 f Out
20 Rd 1f9

Pf

V 9ef Viduedt
Fabini to Rd

emailed
Kaf 99Mt dx Sf Gather 9MtRd JPF.GEtdd9eutlx 59elxyldutly

t 1Rd



Thus Qeutdx VE is a

weak soln of CE and

SWERQeutdxblx.ME
dx

Sfp Qe rent 9Mt dx

fpletely
I

19 x
g duelyl dx1 hopogeneityoffB

5 fB clavely d Calx yldutlyldx
Fabini

5fplutlyl.tldutly
Sturdue to



Important fact
Since SO WE is

locally bounded
and Lipschitz unit in teco 13
the solution of CE with
initial data Quo is uniqueand is of the form

9Mt XE 9Eur
for

x ̅ WE IX H
X id

see AGS Prop 8.18

Thus XE XE demo 719797s
so

WE 99Mt Geus
atXE X's emo



Jal xE̅dr1 d emo

sense a
E dr d 9am

It sl salwar demodr
It s for x daturaldr
It 51 SparkPdurkdr

To send E 0 note that

9am it narrowly by so ofWa wrt narrow convergence

WE fatoraturaldr



ByLebesgue differentiation for 27 a e
te Lo the RHS is locally bold as s t

Thus Mt is locallyLipschitz
so 1m t exists for a e te o

Thus
sending

sat in gives

WRESINEFEET
Rd

50 MEAC 0 1 P2 Rd

Dynamic characterization of wz
Core Benamon Brenier For all

Male
f Pa Rd 1

WEmom min Later x t 1dutdt
Mio Solve E

Mt t.FM Melt FM





Heuristic Riemannian structure of
Nz

Recall
M smooth manifold pe M

Riemannian metric gptanpmxtar.ph R
smooth positive definite inner product

gp pit pitFor papith in
Alpo pit inf 11pct Tanphm It

p 0 M pie lewise smooth

plotpo pli p p l t for a e t

Itirfxdiopitittanpa.int

plrtpoipli.pl
Thus Benamon and Brenier's

dynamic characterization of Wa
suggests the following
analogy

















Thanks for a great quarter


