



































































































































Lecture4

Recall

Monge's Optimal TransportProblem

Given µ VE P X solve

min
satriant

tix measurable
t u V

Difficulty 1 the constraint set can be empty

Difficulty 2 Solutions may not be unique

Difficulty 3 The constraint set is nonconvex








































































Re Entry facts

EX is conve if xax.ec
Xa 1 dxotxx.EC αE 0,1

f IRU to is

convex if f x 1 a flxoltaff

Effine
for all xox.EC αE 0,1

If f is convex and concave it
is affineline



Relax the problem
Leonid Kantorovich 1942

On the translocation of masses

Notation

Projectionmaps
Tx X Y X

Thyl x

Ny Xx Y Y Mykingy A EBIX

Marginal For re PIXY define't
first marginal Tx 8 A 8MAY8AXY

sedmarginal TY 8



Deftransport plan Given MEP x
and we PCY the setof transport
plans from u to vis

Mun JEP XY Tx 8 u Ty 8 3
We will use transportplans as a new

way to model rearranging mass in

µ to look like v For AE BX BEBM
8 A B amt of mass from MCA

that is sent to B

tow do transport plans relate to transport maps

Notation id X X id x x



Lemma Given NEPHI VERY
if t u v then

8 idxt ME Plan
idxtix XY.fdxtllxl lx.tk

Dd8xig

E 1coDxco.D1ca33xcaD kgldxxy
Bird's eye view

dulyftcoidlyldxly iii.it x

dulx 16,1 16,3 kdxx

Side view

y



This is a special case of the fact that

For
any mn

P x the transport plan
8 nov EMMN

takes mass from any
location Xo in µ and

distributes it across v in proportion to the
amount of mass v assigns to each
location

Moral i For
any up Mun 0

Iiil transport plans can split mass



Ex For u 1 0,13 112,3 0 2 10,23

consider the transport map

th x if xe O D
x 1 otherwise

Then t u V so
by lemma8 idxt ME Plur

Bird's eye view I do x
y

µ

8 is the uniform probability
measure supported on

x tlx xe O DU 2,3



AX B u lidxt Axil

m ExEX lx.tw EAXB

Side view In do x y
i ry

XL

Foreshadowing When Matt we will see

that 8 is an optimal transport plan
from µ to w iff it is supported
on x t x X ER for an increasing
function x

clay dex
g
P
p 1

Using transport plans we can now state



Kantorovich's OptimalTransport Problem
and bold

Given MEPX NEPLY below

c X Y RU to lower semicts
Kc 8

min Schy d8tx g8 JEMfup xxy.im
costofmoving massfrom location try

If 8 attains the minimum
we will call it an optimal
transport plane

Recall given a metric space Z.dz



Def f Z IRV to is

lower semicontinuous if asz
implies

Liaiff zn f z

T.am
Reasons Kantorovich ProblemBetter
the constraint set is always nonemptythe constraint set is convex Ex 8
the objective for is linear hence

convex Ex9



Remtark Since Kantorovich's problem is

the minimization of a linear objective

function subject to affine linear

equality and inequality constraints
it is a linear program

hence is
a convex optimization problems

Ex finite dim l linear program

min AzxMft

boatb
Kantorovich's problem has a dual
We can easilyprove existence ofsolns to Kantorovich prob via



The Direct Method ofthe CalculusofVariations
Setup CE X X d metric space
Goal prove that mine Flx exists

Step Show inf F x α

E C

Sep 1 Take a minimizing sequence
That is choose xn nE EC sit

ha Flxn inf TextXE C

Step2 Prove that C is compact
so subsequence Xn EC
so that Xn x f c

Step Prove that Fis Isc so



inf.FI limgFlxn liaFlxnid

lipirfFlxn Flx

Thus x is a minimizer ofFon C

Keychallenge choosing the right
metric d on C

weakenough to getcompactness
strongenough to get Ise

That is the right topology for
Kantorovich's problem

First consider compactness ofconstraint set



The Prokhorov
Given a Polish space Z dz
and KEP Z

K is relativelycompact inA narrow topology6K is tight970 Kec Z S.t

M ZIKE E MEK
An immediate corollary

is

Core If Z dz is a Polish

space then for
any

of P Z

u is tight
Other key step



Lemma Given Polish spaces
x del and Y dyl and
Sun n PIX narrowlyconvergingto me Pix then for

anycontinuous function t X Y
t un narrowlyconverges to

t u

Pf See exercise 5

Prop Given Polish spaces X dx
and Y dyl MEP x VEP Y
then Mup is compact in the
narrow topology



Pf Bycorollary EO

KYCCX
KECCYs.tn

XlKE v YIKE
EE.DefineKe

KYxKEccXxY
8 AxYI MIA 8 B V B

Then for
any reply

V

8 7 4 Ke 8 XK Y
8 Xx KEY

EII.IE uWE
V YIKE

kill
E

Thus Mum is tight hence
relativelyapt by Prokhorov



For
any

83nF Mail
8m Mm DEPIXXY
so that the to narrowly
It remains to show Derail

By continuity of Tx Ty and
previous lemma

Tx 8nk Tx 8 narrowly
y k Ty 8k narrowly

Hence 8bEur



etext want to show

Kp s is Isc in narrow topology

Lemma Given metric space Z dz
suppose g

Z RU to is Isc
and bold below Then

gk k cblzts.tk7 α

gk z glz zez

Pf Exercise 9 via Moreau Yosida

regularization
Thm Portmanteau For

anyF IRV to Isc bold below
the functional



UH 9dm
is Ise wrt narrow topology

Pf By lemma yr k Cb Z
5 t.gr 7g pointwise
Fix un E E P Z

converging
narrowly to MEP Z

For any KEIN
lining Sgdun findsgrdun

Sgrdu
finish next time


