



































































































































Lecture5

Recall

Kantorovich's OptimalTransport Problem
and bold

Given MEPX NEPLY below

C X Y RU to lower semicts
Kc 8

min Sch
g
do x
y8 JEMfup XYm

cost ofmoving massfrom location to
location y

If 8 attains the minimum
we will call it an optimal
transport plane

Recall given a metric space Z.dz






































































































































Def f Z IRV to is

lower semicontinuous if asz
implies

Liaiff zn f z

T.am
Reasons Kantorovich ProblemBetter
the constraint set is always nonemptythe constraint set is convex Ex 8
the objective for is linear hence

convex Ex9






































































































































Retark Since Kantorovich's problem is

the minimization of a linear objective

function subject to affine linear

equality and inequality constraints
it is a linear program

hence is
a convex optimization problem

Ex finite dim l linear program

Mgmt Dx

Ao x bo
A x 2b
TOKantorovich's problem has a dual
We can easilyprove existence ofsolns to Kantorovich prob via






































































































































The Direct Method ofthe CalculusofVariations
Setup CE X X d metric space
Goal prove that mine Flx exists

F X RU to

Step Show inf F x α

that is the problet is feasible
Step 1 Take a minimizing sequence
That is choose xn nE EC sit

ha Fan If Fx

Step2 Prove that C is compact
so subsequence Xnik EC
so that Xn x f c

Step Prove that Fis Isc so






































































































































inf.FI limgF xn liaFlxnid

liminfFlxnk Flxs
K 7

Thus x is a minimizer of F on C

Keychallenge choosing the right
metric d on C

weakenough to getcompactness
strongenough to get Ise

That is the right topology for
Kantorovich's problem

First consider compactness ofconstraint set






































































































































The Prokhorov
Given a Polish space Z dz
and KEP Z

K is relativelycompact inA narrow topology6K is tight970 Kec Z S.t

M ZIKE E MEK
An immediate corollary

is

Cos If Z dz is a Polish

space then for
any

of P Z

0 is tight
Other key step






































































































































Lemma Given Polish spaces
x del and Y dyl and
Sun n PIX narrowlyconvergingto me PIXI then for

anycontinuous function t X Y
t un narrowlyconverges to

t u

Pf See exercise 5

Prop Given Polish spaces X dx
and Y dyl MEP x VEP Y
then Mup is compact in the
narrow topology






































































































































etext want to show

Kp s is Isc in narrow topology

Lemma Given metric space Z dz
suppose g

Z RU to is Isc
and bold below Then

gk R cblzts.tk72

gk z glz zez
and inf gk min ingg

O KEIN

Pf Exercise 9 via Moreau Yosida

regularization






































































































































Thm Portmanteau For anyRU to Isc bold below
the functional

EPIZ RU
α

UH 9dm
is Ise wrt narrow topology

Pf The result is trivially true if
g

to so assume WLOG infgeto

By lemma yk k b z
5 t.gr g pointwise
















































































































































































































































































































































































































Combining these compactnessand Isc results by the directmethod of the calculus ofvariations

Th Given Polish spaces X dx
and Y dy for

any
function

c Xx Y TRUE 3 that is Ise
and bdd below and for

anyMEP X VEP Y there exists
8 er MN satisfying

8 min S child 8k g8 Jer UN





















































































































































































































































































































































































































































































































































Banach Cox 11.110 bx 11 110

space

Dual Cells x 1 1 Tv

space

Weak widetopology narrow
topology

topology

µnt4 Sfdun Sfdu
fECo X

Which
topology for Kantorovich's

problem











































































































































































































































































































































































































































































































































































































































































































































































































Crash course in convex analysisand optimization


