





























































































































Lecture6

Recall
Thm Portmanteau For anyRU to Isc bold below
the functional

EPIZ RU
α

UH 9dm
is Ise wrt narrow topology
Cos Given metric spaces
X dx and Y dy for

anyfunction c X Y IRU to that
is Ise and bdd below 1K 8

is Ise in the narrow topology



Combining these compactnessand Isc results by the directmethod of the calculus ofvariations

Th Given Polish spaces X dx
and Y dy for

any
function

c Xx Y TRUE 3 that is Ise
and bdd below and for

anyMEP X VEP Y there exists
8 er MN satisfying

8 min S child 8k g8 Jer UN



A solution of Kantorovich's
problem exists

Why was the narrow topologythe right topology
Let X H Hx be an

e e

Let X 11 11
x be its dual space

that is the set of all boldlinear functional on X with

Hyll x supy x
EX 11 111



Given EX yEX let

Cy x y
x

Topologies on Novos
on X

19 norm 11 5 11,90
weak Cy x Xn 0 YEX

Tryin
on XP

III norm Ilyn yllx o

weak Z yn g
0 zE XP

weak yn y x 0 xeX



is a locally compact metric space
Topologieslx NOTMETRIZABLE

strong Mn A u A AEB X
total variation norm

m Ulltv sup 1µA A I
AEB X

sup Sfdu Sfdv
ff ox
lift a

where

Co x f X IR ESO
KECCXS.t.IE

XKEVXEK



Banach ColXIII 110 bx 11 110

space

Dual Cells x 1 11W

space

Weak widetopology narrow
topology

topology

µn1 Sfdun Sfdu
fECo X

Which
topology for Kantorovich's

problem



Exercise 10 Give an exampleofMEP IR for which Mau
is not compact wrt II 1 TV

Similarly wide topology istoo weak to ensure Isc of1K 8

Moral Wide convergence
can

allow mass to escape to o

OTOH given a
narrowly

convergent sequence of
probability measures the
limit must be a prob measure



However
Prop Given a locally compactPolish space X and un E EPH
MEP X then

un µ narrowlyif and only ifhad Sfdun Sfdu fec X

In particular
wide convergence

conservation of
narrow canv

mass positivity



Pf Suppose holds
Fix Fe b x

arbitrary
Let Bk denote the closed ball
centered at x EX with radius k

Cutoff functions on 0 to

Define 9k 5k 0 d 0 cts via
k

91 1 on 0,1 9 0 on 2 to

KPI
Sk 1 on O k 5k 0 on Ktl to

9k max 9k 1 5k
so 9k 1 on o k 950 on kt to

and 9191 as k 0



Cutoff functions on X

Define Nk X CO D
byx 9k dlx.x.tl

Then 2k Cts Mk on Bk
NEO on Biti and 1 71

Note that KEIN

limjfsftllfllodunzlmn.tl f l1f1lo Ricdun
54 11 11a Kdu

linguB Sf If ladyen meh f 11ft a RiedM
f 111110 Redan

Similarly byFatonlipids If lo f Rkdu 511th fdu
tipsup Slf 11ft a Nadu




















