



































































































































Lecture 7

Recall
So we solved Kantorovich's problem
how does this help us solve

Monge's problem
via the Kantorovich dual problem

Crash course in convex analysisand optimization
Let X be a novos

Exercise 11 Given a collection

of functions
for X IRU to aeet

if fa are convex then fais conver
if fa are Isc then Ufa is Isc






































































































































Def Given f X TRUEto proper its

conjugate ft X IRVEN is

f
g

X y x f x

Prop Young's InequalityGiven f X TRUE to proper

fly f x
y
x VXEX.ge X

Lemma For f RUE

proper f is convex and Isc

Def dom f EX f x a

D






































































































































Def Given f X IRU to sit
f and f are proper
its biconjugate f X RU to is

f x Ex yix flyB
Rmk
f Tx fly y

x xeX yeX
fix f x X EX
f always convex ISC

The Fenchel Moreaut
Given fix RU a proper
i f is convex and Isc

f is proper and f f






































































































































i If f is convex and flxo Ltd

f is scat x f x f o

Next subdifferential of f

provides another interpretation of f

this is exactly the notion of regularity
we'll need in our study of primal
dual optimization problems

right generalization of gradient
for gradient flows






































































































































Def Given f X IRU to
proper

Edom fl the subdifferential off at x is the set valued operator

Of x

ye
XP f x flx yix x to Hx x1

as x x

If xedom fl df x 0

Def Given f X Rusto proper
Edomif f is Gateaux differentiable
at x if

ye
X sit

so flxth x ̅ fix y x ̅ xE̅X
h

We denote y by Df x






































































































































Next time example Gateaux
vs Frechet

The If f is Gateaux differentiable
at xedom fl then Of x1 Dfk

Rmk If f is convex and cts
edom f then f is Gateaux
diff at x iff Of x Df x

Prop If f X IRVEN is

proper and convex and xedom f

Jf ye
X f x f x y

x x

Forall'xx̅

s






































































































































Mental image X X IR
x

n n x'tsflx.lt yix
Xo

Yn is therpass Through
1 x Kaffoll with slope y

fly x

r
d f o 1 I

I x

A fact we will use in the proof
If f X RU 03 proper convex

then anylocal minimizer off is a global minimizer
Exercise 14






































































































































Pf Bydefn Seaflx
Now show opposite containment
Fix ye Sf x

Fix ESO Define
Y x f x f x1

yx x tellx x

Since ye Jfk
tim inf8 70 x1 041 1

x kg E

In particular 8030 sit

inf
x1 0 11 1 Kg






































































































































Thus for all x e x 041 1 11 88
41 11 0 Also bydef 4 1 0

Thus x is a local min of 4Since 4 is convex x is a global
min of 4 ie for all x ex

0 4 x 4 x f x f x Cy x x

Ellx x

Sending E ogives
flx f x Cy x x 20 x'eX

Thus yes






































































































































Sub differentials provide insight
into convex conjugation via

following results

Suppose f X RUSH is proper
and convex and xoe dom f

Prep yedflx.IE f xo fly yo x
Xo Edf ya

Prep If f is 1st at Xu
Xotdf yr yEJf xo

The If is Isc everywhere
ye2f x xeJfly






































































































































Example Intuitive understandingofconvex conjugates
x 11 11 12,1 1

IN Ey EYex ex 0 ity o nifyo
logly if yo Oify o

aftx

1
Fly yloggyify

Py

f Ey FYIx snitxo 0

2H Et Difx o

y

fyᵗhD
α otherwise

on

I offsr






































































































































Def For CEX its characteristic
function is

ch 0 if XE C
to otherwise

Fact C closed Xc is Ise
convex Xc is convex






































































































































Firmal Dual Optimization Problems

Goal of convex optimization given
f convex convex solve

inf
f x inf fix X x

EX

Q's

what is the value of
the infimum

Is
inf attained

Unique minimizer
Characterize minimizer






































































































































Key trick observe the behavior ofthis optimization problem
under perturbations perturbations

Def Given nus X and U and
a convex function F X U RU to

Proper and

primalproblem Po inffx FIX O
EX

dealproblems Doesup glo glut 7 0,0
VER

The function Flyu encodes the

perturbations of fix that we consider






































































































































We seek a simple Flx u so that

either Po or Do coincide with
our problem

Remark Xx U is a nus with dual
XU and duality pairing
ly v x u yix Go a

Bythe way
we have defined our

primal and dual problems
Young's inequality ensures

Fix u Fly v y x v a












































































































































































































































































