



































































































































Lecture8

Recall

Def Given f X RUEN proper
domff the Frechet sub differential

of f at x is the set valued operator
Of x

ye
XP f x flx y x'x to Hx 115

as x x
T

If xedom Cfl df x 0

yedf xtiming lI e
o

limzifffktzl flxcyizss.glzll






































































































































00 compare toooo

Def Given f X RUEN proper
Edom fl the Gateaux subdifferential

off atx is the set valued operator

291 1
I fix

yex timing
fk

yx
Rnk Of x 26ft
To see this suppose yEdftx
Then for

any x.EE js
z hx

So hx

imzing flxtzt fly if so
1Ham

limning flxthxt f
y x p Oh






































































































































Def Given f X Rusto proper
Edom f f is Frechet differentiable
at x it y EX's.t
If flatz f x yiz 0

11211

We denote y by Df x

Def Given f X Rusto proper
Edoma f is Gateaux differentiab
at x if YEX sit
her flxthx f x yix X'EX

h

We denote y by Dof x Rmk
Dof x eX

Rmk Frechetdiff Gateaux






































































































































The If f is Gateaux differentiable
at xedom fl then 0 1 1 Dof Ix
If f is Frechet differentiable
at xedom f then 2 f x Df

Pf Exercise 18
Rmk If f is proper Isc and
convex it is Frechet differentiable
iff it is Gateaux differentiable

Rmk If f is convex and cts
edom f then f is Gateaux
diff at x iff Of x Df x

Exercise 13 shows that
convexityis

necessary






































































































































Prop If f X IRVEN is

proper and convex and xedom f

2 fix ye
x f x f x y

x x

for all x ex

Sub differentials provide insight
into convex conjugation via

following results

Suppose f X RUSH is proper
and convex and xoe dom f

Prep yedflx.IE f xo f7y Cyoxo
Xo Edf ya






































































































































Prop If f is 1st at Xu
Xotdf yr yEJf xo

Ihm If is Isc everywhere
ye2f x xeJfly

Def For CEX its characteristic
function is

Xch 0 if XE C
to otherwise

Fact C closed Xc is se

convex Xc is convex






































































































































Firmal Dual Optimization Problems

Goal of convex optimization given
f convex convex solve

inf
f x inf fix X x

EX

Q's

what is the value of
the infimum

Is
inf attained

Unique minimizer
Characterize minimizer






































































































































Key trick observe the behavior ofthis optimization problem
under perturbations perturbations

Def Given nus X and U and
a convex function F X U RU to

Proper and

primalproblem Po inffx FIX O
EX

dealproblems Doesup glo glut 7 0,0
VER

we always have Po Do

Thus we will seek conditions on F

that ensure Po Do i e there is

no dualitygap






































































































































The EquivalenceofPrimal Dual
Given F X U IR v to

proper convex

suppose Po Lt N primal problem is
feasible

Define the inf projectionPlat HxFlx a

Then
i Po Do P is Isc at u 0

ii Po Do and wis a maximizer
of dual problemwed PCO

Pf
Step 1 Show Plu is proper convex

Since 8101 Hax Flx O Po Cta






































































































































Pis proper

PIE.tn
Ifx Fix a

for any
Fla dxotαx a

to dxotαx ex

F G d xotax 1 a not au Fonvex

1 x F x no Flat ul

Taking inf over of X X EX
Plux l al Pluo Pluil

Step Prove part i

By defnPtv Eu v u Plus

Edu X O x v u F x u






































































































































F 0,0
gov

Also P a sup v a glo
NEW

P 0 sup g o Do
VEUP

Since Pis convex Oedom P
Fenchel Moreau ensures

Po Do PCO PRO Pis scato

Steps We now show ii

Assume WEI since P
is convex Oedom P for

any sequence un 0 we have






































































































































limit Plan misfP o ro un O

P o
Thus P is Isc at zero so by
previous part Po Do

Furthermore WEJPCO implies
equality holds in Young's inequality

Plo PPG vs 0 0

so Ight D Po P c Phs gird

It remains to prove the
converse Suppose Po Do
and Vo is a maximizer ofdual problem






































































































































By i Pis Isc at 0 ByFenchel Moreau
Pco polo sup gloVEUP

g vsPTU
0,0 7 PTA

Thus
equality holds in Young's

inequality so votJPCO






































































































































Fantorovich
Duality

Xidx Y dy Polish spaces
ME PIX VERCY
c X Y IRV to Isc bad below

min KPrirermnfe.gs
Fng

This is a convex optimization problem
To find its dual

Rewrite as unconstrained optimization
problem

Identify perturbation function

Flxin so that KP Do






































































































































We will do this via introducing a

Lagrange multiplier

Recall Lagrange multipliers in Calculus
Given Ae Mman IR berm

ing fix fan
b

Ax b
infERM XERIS

Relation to Primal Dual Problem

primalproblem Po inf flx Flx O
EX

dualproblem Do sup glo glo F 0,0
ve 219






































































































































We can also write dual problem
as a saddle point problem
gto FP0,0 sup 01 7 0 u Flu

x alt X2

ing F x u a
IX a e XxU

Do sup inf F x u v a

Velt x.nl e X U

Moral
Introducing

a Lagrange
multiplier to remove constraint can

shed light on how to choose perturbation
function F x u

I






































































































































Fw to do this for KP

Recall Plan 8EP X Y J u 2 D

Want to introduce Lagrange
multiplier to enforce this constraint

Fact If X is
locallyCpt medx

then Cc X are dense in fu
See Folland Thm 7.8 7.9

Lemma Given MEP XI VERY
seek XY

Mum's

sup µ A 8,97 0 48,4
9 p x XE b Y


























































































































































































































































































































































































































































































































































































































































































Therefore we may rewrite KP as the

following saddle point problem

Do sup inf Flx u v u
veU a EAU

What is the corresponding primal
problem

primalproblem Po inf flx F x 0
EX











































































































































































































































































Optimal Transport
MADLIBS

Name of retailer

Type of product

Worthy cause






































































































































The Shipper's Problem Caffarelli

of of'S
888 M BEEN1

Firehouse customer 8
locations locations

It costs clx
y
dollars

to move one from

x to
y

You want to make extra to support






































































































































You charge 911 dollars to
pick up one from
location and Yly dollars to

deliver to
y

Obviously if will let you
ship the following must be true

91 1 Yly clx
y











































































































































































































































































Tow prove Po Do for KP

Suppose X Y cpt Polish spaces

The For all me PEX VEPLY

inf 11181 sup 59dm Sudu

rerun 9,4 ECK CM

To 0122T





























































































































































































































































































































































































































































































































































































































































