



































































































































Lecture9

Recall
perturbations

Def Given nus X and U and
a convex function F X U RU to

Proper and

primalproblem Payoff Flx O

dualproblems Despairglut F 0,0






































































































































The EquivalenceofPrimal Dual
Given F X U IR v to

proper convex

suppose Po Lt N primal problem is
feasible

Define the inf projectionPlat HxFlx a

Then
i Po Do P is Isc at u 0

ii Po Do and wis a maximizer
of dual problemwed PCO






































































































































Fantorovich
Duality

Xidx Y dy Polish spaces
ME PIX VEPLY
c X Y IRV to Isc bad below

min
r rerun ffk.gl

dTg Kp

We can also write dual problem
as a saddle point problem
gto FPO v7 sup 01 7 20 u Flx a

IX alt X2

inf Fix u a
IX a e XxU

Do sup inf F x u v a

reltlx.nl e X U






































































































































Moral Introducing a Lagrange
multiplier to remove constraint can

shed light on how to choose perturbation
function F x u

Fct If X is
locallyCpt medx

then Cc X are dense in fu
See Folland Thm 7.8 7.9

Lemma Given MEP XI VERY
seek XY

Mum's

sup µ A 8,97 0 48,4

QECDM.ME I






































































































































Pf The equality is clearly trueif JEPUN 1 8 A 8 AYY

If 8EeM XxY P X Y then
1 m.fr XxY p1 8 x Thus

µ
1 8

taking 9n1x n 1 mo Yly 0

supu 8,9m 0

SUP n 1 mo fu 17 8

SLP n 1 mo
N

Hence equalityholds in Lemma
statement






































































































































Finally if JEP X Y PUN
then either 7 8 4 or M 8 v

WLOG HA 8FM

Claim there must exist 9 C x
0

s.t.IE nodeto
Pf of Claim Otherwise by
density of

Cc in integrable fns
the measures would have to

agree for all AEB X hence
be the same measure

4 0

Let An x nc 90kt Then
STP m n 8,9m 0

SU nco co
N






































































































































Proposition Suppose X is a Polish
space and f X RU to is Ise

and bdd below Then MEP X

Sfdm sup Sgdu gE b x1 get
Pf Exercise 19

foggerly farmerly

How should we choose Z U Flain
so that KP coincides with

Do
infitzy aid






































































































































In the case of KPKP ing Ke 8 Xrum 121
reel xxY

inf sup 1Kc 81 µ 8,9
8EM X Y 9,4 ECD DLY V 8,4

sup Kc 8 A 8 µ 9 78 44
reexyl Imembly

Gathering the 8 s
Kc 8 4A 8 µ 9 A 8 VIELE
59dm sydv sclx.gl 917kg thigh do

Isandbddbelow
59dm Sudo sup Sulx y d8UEGX Y

u v g chg 961 Hyl






































































































































inf 9dm S4dv Xdu Suk yldr
ueGh F9y u

C UE DAY ulny ck y 96
1 4
yTHUD

KP

inf F 19,41 u 4,8SEXY Then Cb YI ne Y

For
simplicity assume IX dx

and Y dy are compact metric
spaces

Fact IX MS X






































































































































What is the corresponding primal
problem

primalproblem Po infflx f Flx O
EX

Bydefnof F
Po inf 59dm Hdv Alo

19,4 Ecb X x b Y

inf 59dm Hdv
19,4 Ecb X x b Y

OEck.gl 91 1 Hly xEX yeY
sup 59dm Sudo
9,4 e p x Cbly
91 1 4 yleck.gl kxex.geY






































































































































Optimal Transport
MADLIBS

Name of retailer Buckeys

Type of product Sillystring

Worthy cause Espresso forgrad
offices






































































































































The Shipper's Problem Caffarelli

of
8 8of
e M Brandyx

tarehouse
customer

locations locations

It costs Buckeys clx
y
dollars

to move one can ofsillystring
from

x to
y

You want to make extra to support
espresso for grad offices






































































































































You charge Buckeys 9 dollars to

pick up one can of sillysling from
location and Yly dollars to

deliver to
y

Obviously if Buckeys will let you
ship the following must be true

91 1 Yly clx
y

Po sup 59dm Sudo
9,4 e plx CblY
91 1 4 yleck.gl xex yeY
largest amt ofmoney
you

can make






































































































































Do inf S clxt x2 d81 7
2

DEP un
least amt it would cost Buckey's
to do it themselves

We always have Po Does Do Po
If there is no duality gap Po Do

elbow prove Pr Do for KP

Thm Suppose X dx Y dy
are apt Polish spaces and
CE XY C2 0 Then
ME P X NEPLY






































































































































inf 1K 81 sup 59dm S4du

8Eur 9 4 ECK CM

To 0122T
Furthermore the maximum is attained

Lemma Let X d be a metric

space and et a set Suppose Fis a

collection of functions f Xxct IR

Suppose ft d if EF α Eet isects
Then Leaf x f e FB is e cts

Exercise 19










































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































