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Distortions from detector: 
• miss particles 
• incorrectly measure 

intensity/detector location 
• add background events 

from other processes…

Noise model,  

• Detailed microscopic 
models of detector effects: 
Geant4, ATLAS FullSim, 
CMS FullSim, … 

• Faster approximations: 
Delphes

σ ↦ νσ
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Absolute cty: ∃ m ∈ 𝒫(𝒴) s.t. ν ≪ νσ ≪ m and KL(ν |m) < + ∞

In LHC applications,  is empirical and known only through simulation.νσ

To enforce the absolute cty hypothesis, reference measure  is taken to 
be empirical, uniformly distributed on a grid; both  and  are replaced 
with approximations on the same grid.

m
ν νσ

Limitations:
• Experiments must coordinate bin centers ahead of time

• Optimal  polluted by discretization errorsσ*
• Computational complexity of grid-based methods scales 

exponentially with dimension   and  are typically replaced with 
lower dimensional projections, throwing away information

⟹ ν νσ
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Previous Work
Statistical Estimators (minimum Kantorovich, Wasserstein 
projection,..) 

• [Bassetti, Bodini, and Regazzini ’06] consider  as an empirical 
iid approximation of some ; sufficient conditions for 
existence of optimum  and convergence of  

• [Bernton, et. al. ’19] consider , weaken hypothesis on 
approximation  and that ; introduce numerical 
approach for computing minimizer via Monte-Carlo expectation 
maximization… but only once a method is given to optimize the finite 
sample problem in . Our numerical approach gives such a method. 

• [García-Trillos, Jaffe, Sen ’25] proved sensitivity efficiency of the 
estimator.

ν = νn
ν̃true = νσ*

σn σn → σ*

Ω = ℝm

νn ν̃true = νσ*

σ
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Previous Work
Learning generative models 
• [Genevay, Peyré, and Cuturi ’18] and [Akyildiz, Girolami, 

Vadeboncouer, and Stuart ’25] consider numerical approach via 
auto-differentiation for  for  smooth 

Inverse problems over the space of measures 
•  [Li, et. al. ’24, ’25] consider transport map noise, develop sufficient 

conditions for existence, and raise the open question of sufficient 
conditions for uniqueness 

• [Lasserre ’24] considers  given by a Gaussian mixture where 
 is a compact set of mean and covariance parameters; 	

characterizes the unique minimizer in terms of a moment relaxation 
problem.

νσ = φ * (g#σ) φ, g

νσ
supp σ
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(INJ):  is injective on the set of minimizersσ ↦ νσ

Thm [C., Faktor, Nachman ’26]:
• If (CTY) and (CRC) hold, a solution exists.

• If , , and (INJ), then solutions are unique iff the 
problem is feasible.

p > 1 ν ≪ ℒd

9 (CTY) ¬(CTY)
(CRC) Yes No
¬(CRC) No

! p > 1 p = 1
⌫ ⌧ Ld Yes No

¬(⌫ ⌧ Ld) No
1

1

This manuscript is for review purposes only.

The hypotheses are necessary:
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With this regularization, the problem becomes an entropy regularized 
unbalanced transport problem [Chizat, Peyré, Schmitzer, Vialard ’18]. 

• Computational benefits: provably convergent algorithms for 
approximating minimizer  via Bregman projections. 

• Analytical benefits: Many noise maps are badly unstable, i.e., 
  , and entropic regularization selects a low 

entropy minimizer. 
νσ ≈W2 νσ′￼

⇏ σ ≈ σ′￼
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allows us to once again deduce inequality (2.4). Finally, suppose a → B and b → A. Let
c := inf{A↑ [a, b]}. By right-continuity of Fµi

↓Fω , taking a limit along a minimizing
sequence yields c → A. That c → B is trivial if c = a and otherwise follows from
[a, c) ↔ B and the upper-semicontinuity of Fµi

↓ Fω from the left. In total c → A↑ B,
that is, Fµ0(c) = Fµ1(c) = Fω(c). This means

min
i

Fµi
(b) ↗ min

i

Fµi
(c) = max

i

Fµi
(c) ↗ max

i

Fµi
(a).

By adding mini Fµi
(b) ↓ maxi Fµi

(a) ↗ 0 and rearranging we obtain

max
i

Fµi
(b) ↓ min

i

Fµi
(a) ↘ max

i

Fµi
(b) + min

i

Fµi
(b) ↓ max

i

Fµi
(a) ↓ min

i

Fµi
(a)

= Fµ0(b) ↓ Fµ0(a) + Fµ1(b) ↓ Fµ1(a),

which shows (2.4).
An immediate consequence of inequality (2.3) that we have just shown is that

supp(µ) ↔ supp(µ0) ≃ supp(µ1). Furthermore, we have supp(µ0) ≃ supp(µ1) ↔ im ω,
for if y0 /→ im ω then there is some open neighborhood U of y0 which is disjoint from
im ω and satisfies µi(U) = εi(ω→1(U)) = εi(⇐) = 0. Finally, since µi(im ω \ im ω) ↘

(ω#εi)((im ω)c) = 0, inequality (2.3) implies that µ(im ω\ im ω) = 0. (Note that imω,
and moreover the image under ω of any Borel set, is Borel by the injectivity of ω and
the Lusin-Souslin Theorem [22, Theorem 15.1].)

Define now ε̄ : B(X ) ⇒ [0, 1] via ε̄(A) = µ(ω(A)). The injectivity of ω implies ε̄

is countably additive. Additionally

ε̄(X ) = µ(im ω) = µ(im ω) ↗ µ(supp(µ0) ≃ supp(µ1)) ↗ µ(supp(µ)) = 1,

so indeed ε̄ → P(X ). That ω#ε̄ = µ is immediate: (ω#ε̄)(B) = ε̄(ω→1(B)) =
µ(ω(ω→1(B))) = µ(B) for any Borel subset B of Y . This completes the proof.

3. Numerical Method.

3.1. Discretization of the Entropically Regularized Problem. As de-
scribed in the introduction, our method for computing approximate minimizers of
the unfolding problem (1.8) considers an entropic regularization (1.11) of the original
problem. In order to obtain a discrete minimization problem that can be solved nu-
merically, we suppose that all measures are finitely supported. We expect that when
these finitely supported measures are reasonable approximations of continuum coun-
terparts, the minimizers of the discrete problem will likewise converge to a minimizer
of the corresponding continuum problem. Similarly, we expect that, if the entropic
regularization is removed slowly enough and the reference measures are well-chosen,
minimizers of the entropically regularized problem (1.11) will converge to a minimizer
of the original denoising problem (1.8). However, we leave analysis of these questions
to future work.

We now describe our discretization hypotheses on the measures. First, we suppose
that the reference measures m̂, ε̂ → P(X ) are empirical,

ε̂ =
1

L

L∑

k=1

ϑxk
and m̂ =

1

m

m∑

i=1

ϑyi
.(3.1)

Next, we suppose that, on the support of ε̂, the Markov kernel x ⇑⇒ ϖx → P(Y) is
finitely supported,

ϖxk
=

m∑

i=1

Rikϑyi
for Rik ↗ 0,

m∑

i=1

Rik = 1,

L∑

k=1

Rik > 0 for all i, k.(3.2)

14
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We now describe our discretization hypotheses on the measures. First, we suppose
that the reference measures m̂, ε̂ → P(X ) are empirical,

ε̂ =
1

L

L∑

k=1

ϑxk
and m̂ =

1

m

m∑

i=1

ϑyi
.(3.1)

Next, we suppose that, on the support of ε̂, the Markov kernel x ⇑⇒ ϖx → P(Y) is
finitely supported,

ϖxk
=

m∑

i=1

Rikϑyi
for Rik ↗ 0,

m∑

i=1

Rik = 1,

L∑

k=1

Rik > 0 for all i, k.(3.2)

14



20

Numerical Optimization



20

Numerical Optimization
Given the convex optimization problem,



20

Numerical Optimization
Given the convex optimization problem,

+ϵΣkσk log(σk)argmin Σi,j |yj − y′￼i |
p dΓij

ΣjΓij = (Rσ)i
ΣiΓij = νj

σ, Γ
+ϵΣijΓij log(Γij)



20

Numerical Optimization
Given the convex optimization problem,

under the change of variables,

+ϵΣkσk log(σk)argmin Σi,j |yj − y′￼i |
p dΓij

ΣjΓij = (Rσ)i
ΣiΓij = νj

σ, Γ
+ϵΣijΓij log(Γij)



20

Numerical Optimization
Given the convex optimization problem,

The hypothesis
P

m

k=1
Rik > 0 ensures no yi could be removed from the discretization.

Throughout, we use bold font to denote probability vectors and matrices representing
the weights of the measures on their support.

We suppose further that ⌫ is finitely supported,

⌫ =
nX

j=1

⌫j�y0
j
, for ⌫j > 0,

nX

j=1

⌫j = 1.(3.3)

These hypotheses cause (1.11) to reduce to a fully discrete optimization problem.
The term "KL(�|�̂) in the objective function of (1.11) forces any optimal � 2 P(X )
to satisfy � ⌧ �̂. Given the discrete form of the Markov kernel (3.2), this ensures
that we may restrict our attention to those � and ⌫� which are of the form

� =
LX

k=1

�k�xk
, for �k � 0,

LX

k=1

�k = 1 and ⌫� =
mX

i=1

(R�)i�yi
.(3.4)

Similarly, the term "KL(�|µ1 ⌦ µ2) in the minimization problem defining the entrop-
ically regularized p-Wasserstein metric (1.12) forces any optimal � 2 P(Y ⇥ Y) to be
absolutely continuous w.r.t. µ1 ⌦ µ2 = ⌫� ⌦ ⌫, that is

� =
mX

i=1

nX

j=1

�ij�(yi,y
0
j
), for �ij � 0,

X

i,j

�ij = 1.

Combining these observations and defining the cost matrix Cij = |yi�y
0
j
|
p, we see

that the minimization problem (1.11) is equivalent to the following finite dimensional
minimization problem:

arg min
(�,�)2⌦

hC,�i + "KL(�|R� ⌦ ⌫) + "KL(R�|
1

m
1m) + "KL(�|

1

L
1L),(3.5)

⌦ := {(�,�) : �ij ,�k � 0, �1n = R�, and �T1m = ⌫},

where the discrete KL divergence is KL(A|B) :=
P

i
Ai log (Ai/Bi) � Ai + Bi.A

direct computation shows that (3.5) remains unchanged if the objective function is
replaced with

(3.6) hC,�i � "H(�) � "H(�),

where the discrete entropy is H(A) := �
P

i
Ai log(Ai) � Ai.

Analogously to the case of classical entropic regularization [31, Proposition 4.3],
there is a unique minimizer of (3.5), which can be characterized via lower dimensional
scaling variables. The proof is deferred to the Supplementary Material.

Proposition 3.1. Denoting K = e
�C/", the unique minimizer of (3.5) satisfies

�ij = uiKijvj and �k = e
�

P
m

i=1 Rikfi/" where ui = e
fi/"

for two (unknown) scaling variables (u,v) 2 Rm
+

⇥ Rn
+
.

3.2. Computation of approximate minimizer. We compute approximate
minimizers of (3.5) by reformulating the problem as the minimization of a convex
function over the intersection of two a�ne sets. Defining

C̃ =


C +1(m⇥1)

+1(L⇥n) 0(L⇥1)

�
, P =


� 0(m⇥1)

0(L⇥n) �

�
,

K̃ = e
�C̃/"

, B =
⇥
Idm; �R

⇤
, b = [⌫; 1],
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can be approximated via Bregman iterations,

we observe that (3.5) is equivalent to

arg min
P2A\B

"KL(P|K̃)(3.7)

A = {P 2 R(m+L)⇥(n+1) : P1n+1 2 kerB}, B = {P 2 R(m+L)⇥(n+1) : PT1m+L = b}

Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "

0. This corresponds to replacing � in the
definition of P with "

0

"
�. In the present work the regularization weights are kept equal

for the sake of convenience.

We compute an approximate minimizer via Bregman projections [10],

P2l+1 = ProjKL
A (P2l), P2l+2 = ProjKL

B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,

(3.9) ul+1 =
ProjKL

kerB(ul
� K̃vl)

K̃vl
, vl =

b

K̃Tul
, l = 0, . . . , LOT .

The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula

�k = P2l

m+k,n+1
= ul

m+k
vl

n+1
, k = 1, . . . , L.

2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula
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2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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can be approximated via Bregman iterations,

we observe that (3.5) is equivalent to
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Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "

0. This corresponds to replacing � in the
definition of P with "

0

"
�. In the present work the regularization weights are kept equal

for the sake of convenience.

We compute an approximate minimizer via Bregman projections [10],
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A (P2l), P2l+2 = ProjKL

B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,

(3.9) ul+1 =
ProjKL

kerB(ul
� K̃vl)

K̃vl
, vl =
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K̃Tul
, l = 0, . . . , LOT .

The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula
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, k = 1, . . . , L.

2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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0. This corresponds to replacing � in the
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0

"
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B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,
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ProjKL

kerB(ul
� K̃vl)
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, vl =

b
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The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula
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2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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can be approximated via Bregman iterations,

we observe that (3.5) is equivalent to

arg min
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"KL(P|K̃)(3.7)

A = {P 2 R(m+L)⇥(n+1) : P1n+1 2 kerB}, B = {P 2 R(m+L)⇥(n+1) : PT1m+L = b}

Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "

0. This corresponds to replacing � in the
definition of P with "

0

"
�. In the present work the regularization weights are kept equal

for the sake of convenience.
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P2l+1 = ProjKL
A (P2l), P2l+2 = ProjKL

B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,

(3.9) ul+1 =
ProjKL

kerB(ul
� K̃vl)

K̃vl
, vl =

b

K̃Tul
, l = 0, . . . , LOT .

The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula

�k = P2l

m+k,n+1
= ul

m+k
vl

n+1
, k = 1, . . . , L.

2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "

0. This corresponds to replacing � in the
definition of P with "

0

"
�. In the present work the regularization weights are kept equal

for the sake of convenience.

We compute an approximate minimizer via Bregman projections [10],

P2l+1 = ProjKL
A (P2l), P2l+2 = ProjKL

B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,

(3.9) ul+1 =
ProjKL

kerB(ul
� K̃vl)

K̃vl
, vl =
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K̃Tul
, l = 0, . . . , LOT .

The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula
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m+k
vl

n+1
, k = 1, . . . , L.

2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
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iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,
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ProjKL

kerB(ul
� K̃vl)
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, vl =
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we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
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2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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can be approximated via Bregman iterations,

we observe that (3.5) is equivalent to

arg min
P2A\B

"KL(P|K̃)(3.7)

A = {P 2 R(m+L)⇥(n+1) : P1n+1 2 kerB}, B = {P 2 R(m+L)⇥(n+1) : PT1m+L = b}

Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "

0. This corresponds to replacing � in the
definition of P with "

0

"
�. In the present work the regularization weights are kept equal

for the sake of convenience.

We compute an approximate minimizer via Bregman projections [10],

P2l+1 = ProjKL
A (P2l), P2l+2 = ProjKL

B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,

(3.9) ul+1 =
ProjKL

kerB(ul
� K̃vl)

K̃vl
, vl =
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K̃Tul
, l = 0, . . . , LOT .

The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula

�k = P2l

m+k,n+1
= ul
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, k = 1, . . . , L.

2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.
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choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "
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|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
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the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
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Numerics: 1-D model problem
Continuum: 
Noise model:       

True data: 

Measurement:

This choice of parameters reflects the fact that, in practice, we observe good
results and faster convergence choosing ✏init much larger than ✏. Since the prior �0

does not contain perfect information, perfectly accurate initialization of the scaling
variables u0

,v0 is not necessary, and a larger choices of ✏init allows us to use fewer
iterations of the classical Sinkhorn to compute the prior. Interestingly, we also observe
that we are more likely to encounter numerical overflows when ✏init is too small than
when ✏ is too small, likely due to the fact that both marginals in the optimal transport
problem (3.10) are fixed, while our unfolding problem (3.5) only fixes one marginal,
the measured data.

4. Numerical Results: Comparison of OT and RL. We now compare the
performance of our optimal transport (OT) based unfolding method to the classi-
cal Expectation-Maximization approach, commonly known as Richardson-Lucy (RL).
The code for all numerical experiments is available at https://github.com/katycraig/
unfolding-Wasserstein-loss.

4.1. Example unfolding problems. We consider the performance of OT and
RL unfolding on two examples of unfolding problems: one dimensional problems,
based on discretizations of simple continuum models, and two dimensional problems,
based on a physically motivated jet mass unfolding problem. In both cases, the
problems are constructed so that an exact solution is known, providing a baseline for
evaluating the relative performance of OT and RL unfolding.

4.1.1. Setup of one dimensional unfolding problem. Given a transport
map t : R ! R and � > 0, we consider continuum noise models induced by the
Markov kernel

⇢̃x = N (t(x), �)dL,(4.1)

where the Gaussian function N is as defined in equation (2.1). Our continuum mea-
sured data ⌫̃ is obtained by applying this noise model to �̃true 2 P(R), which is a
Gaussian mixture of the form

�̃true =
3X

i=1

wiN (ci, vi)(x)dL(x) for ci 2 R, vi > 0.(4.2)

In other words, ⌫̃ = (N (0, �)dL) ⇤ (t#�true). In what follows, all components of these
measures that are Gaussian are sampled via scipy.stats.norm.rvs.

Based on this underlying continuum problem, we construct a fully discrete unfold-
ing problem, as in section 3.1 as follows. We fix a reference measure �̂ = 1
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P
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�xk

and sample �̃true to obtain a discrete approximation �true := 1
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P
L

0

k=1
�x0

k
. Next, we

sample the Markov kernel ⇢̃x for all x in the support of �̂ and �true, denoting the
resulting samples by {zj(xk)}Mj=1

and {z
0
j
(x0

k
)}M

0

j=1
.

We choose the following parameters in our numerical examples:

4.1.2. Setup of two dimensional unfolding problem. Synthetic data for
the physically motivated jet mass unfolding problem are generated using Pythia [35]
to simulate proton-proton collisions and the resulting collision debris. Detector ef-
fects are emulated with Delphes [15]. To generate data for the noise model, Pythia
events are written to HEPMC [17], so that the same event can be passed through
Delphes many times. For simplicity, we consider two well-studied observables that
also have significant detector distortions: the jet mass and groomed jet mass [23] of
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the physically motivated jet mass unfolding problem are generated using Pythia [35]
to simulate proton-proton collisions and the resulting collision debris. Detector ef-
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the physically motivated jet mass unfolding problem are generated using Pythia [35]
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4. Numerical Results: Comparison of OT and RL. We now compare the
performance of our optimal transport (OT) based unfolding method to the classi-
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problems are constructed so that an exact solution is known, providing a baseline for
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4.3.2. Consistency of Approaches - Less regular measurement. As ex-672

pected, if ε is less regular, more bins are required to approach the accuracy of the673

unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677

I computed the error between the OT and measured ε for bins 10,15, 30, 45, and678

None: OTerror = 0.09540986063000764,0.05450299384070726,0.02540250372524951,0.013897914590690546,679

0.017040407230260093680

I did the same between IBU and measured ε for bins 10, 15, 30, and 45: 0.09375346713665679,0.05573485695658815,,681

0.01351916368310372, 0.02434716201525992682

4.4. Benefits of unbinned approach. In this example, we consider an unfold-683

ing problem where the measured nu has a small number of points (29) that are scat-684

tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693

For bins 10, 20, 40, 80, 130, 140, 150, 200 the OT errors are 0.10742588600683253,694

0.06646887052126957, 0.02484961387286124, 0.012934674759665943, 0.012946596029355764,695

0.010824850861224972, 0.015100256807052244, 0.011840017266203717696

the IBU errors are 0.1053911230448343, 0.06571843267601875, 0.02423380746615612,697
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0.30879023179182774699
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4.3.2. Consistency of Approaches - Less regular measurement. As ex-672

pected, if ε is less regular, more bins are required to approach the accuracy of the673
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Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689
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4.3.2. Consistency of Approaches - Less regular measurement. As ex-672

pected, if ε is less regular, more bins are required to approach the accuracy of the673

unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677

I computed the error between the OT and measured ε for bins 10,15, 30, 45, and678
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4.4. Benefits of unbinned approach. In this example, we consider an unfold-683

ing problem where the measured nu has a small number of points (29) that are scat-684

tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693

For bins 10, 20, 40, 80, 130, 140, 150, 200 the OT errors are 0.10742588600683253,694
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4.3.2. Consistency of Approaches - Less regular measurement. As ex-672

pected, if ε is less regular, more bins are required to approach the accuracy of the673

unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677

I computed the error between the OT and measured ε for bins 10,15, 30, 45, and678
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4.4. Benefits of unbinned approach. In this example, we consider an unfold-683

ing problem where the measured nu has a small number of points (29) that are scat-684

tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693
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4.3.2. Consistency of Approaches - Less regular measurement. As ex-672

pected, if ε is less regular, more bins are required to approach the accuracy of the673

unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677

I computed the error between the OT and measured ε for bins 10,15, 30, 45, and678
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4.4. Benefits of unbinned approach. In this example, we consider an unfold-683

ing problem where the measured nu has a small number of points (29) that are scat-684

tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693

For bins 10, 20, 40, 80, 130, 140, 150, 200 the OT errors are 0.10742588600683253,694
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4.3.2. Consistency of Approaches - Less regular measurement. As ex-672

pected, if ε is less regular, more bins are required to approach the accuracy of the673

unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677

I computed the error between the OT and measured ε for bins 10,15, 30, 45, and678
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ing problem where the measured nu has a small number of points (29) that are scat-684

tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693
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4.3.2. Consistency of Approaches - Less regular measurement. As ex-672

pected, if ε is less regular, more bins are required to approach the accuracy of the673

unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677

I computed the error between the OT and measured ε for bins 10,15, 30, 45, and678
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4.4. Benefits of unbinned approach. In this example, we consider an unfold-683

ing problem where the measured nu has a small number of points (29) that are scat-684

tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693
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unbinned method; see Figure 16. Here, we do an example with a noise model that674
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behavior is identical if we do OT iterations = 25.)677
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OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688
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need many more bins than datapoints, which is computationally ine!cient. Third, we690
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unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677
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tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693
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pected, if ε is less regular, more bins are required to approach the accuracy of the673

unbinned method; see Figure 16. Here, we do an example with a noise model that674

doesn’t do much smoothing, but instead “splits” the true data. (While these examples675

were run with IBU iterations = 25 and OT iterations = 50, I have confirmed that the676

behavior is identical if we do OT iterations = 25.)677
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tered throughout the domain. The simulations for this example are in the TooMany-685

Bins1d folder. When we do OT unfolding, the error is 0.009290958673970454.686

OTOH, when we do binned unfolding, with bins uniformly spaced on the domain,687

we see three negative features. First, as before, course bins to not allow for the same688

accuracy as unbinned. Second, in order to approach the accuracy of unbinned, we689

need many more bins than datapoints, which is computationally ine!cient. Third, we690

see that, in the case of a very large number of bins, the IBU errors begin to increase691

again. In this way, for binned methods, the number of bins is yet another parameter692

that needs to be tuned to achieve good results.693
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0.06646887052126957, 0.02484961387286124, 0.012934674759665943, 0.012946596029355764,695

0.010824850861224972, 0.015100256807052244, 0.011840017266203717696

the IBU errors are 0.1053911230448343, 0.06571843267601875, 0.02423380746615612,697

0.012652580173052083, 0.012256345914725911, 0.18093444663764452, 0.41456581785587215,698

0.30879023179182774699

21

This manuscript is for review purposes only.

24

Measured data Prediction of OT 
algorithm

Prediction of 
RL algorithm

nbin=28

KDEs for visualization{
KDEs for visualization{
Numerics: 1-D model problem

L = L′￼= 150, M = 1, M′￼= 3



25

Numerics: 1-D model problem

perturb the weights by 0 < ✏bin ⌧ 1. This leads to the binned Markov kernel
⇢̄xk

:=
P

nbin

j=1
((1 � ✏bin)Rjk + ✏bin1/nbin)�ȳj

. We bin the measured data in a sim-

ilar way, approximating ⌫ by
P

nbin

j=1
⌫̄j�ȳj

, where ⌫̄j =
P

i:yi2Q(ȳj)
⌫i. As with the

Markov kernel, to enforce hypotheses (1.3), we perturb the weights by 0 < ✏bin ⌧ 1.
This leads to the binned measured data ⌫̄ :=

P
nbin

j=1
((1 � ✏bin)⌫̄ + ✏bin1/nbin)�ȳj

. In

all of our simulations, we choose ✏bin = 10�40.
In the simulations that follow, we evaluate the relative performance of OT and

RL unfolding by computing the value of W
2
2
(⌫�, ⌫) along iterations. At each iteration

of both algorithms, we take the current approximations of the true data, �OT and
�RL, and apply the unbinned discrete noise model to each as in equation (3.4), in
order to obtain their images under the noise model, ⌫�OT

and ⌫�RL
. We then measure

the accuracy of the OT and RL algorithms by comparing these images to the true
measured data ⌫, in terms of the square Wasserstein metric.

Given the fundamental role of the KL divergence in the RL algorithm, the KL
divergence between ⌫ and ⌫�OT

, ⌫�RL
might also be an interesting point of comparison.

However, since we typically do not have ⌫ ⌧ ⌫�OT
, this leads to KL(⌫|⌫�OT

) = +1.
Analysis of OT and RL performance under other metrics or statistical divergences is
an interesting question that we leave to future work.
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Figure 3. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods. Left: a
single discretization of the continuum one dimensional unfolding problem. Right: mean and standard
deviation of behavior across 40 independent discretizations of the same continuum unfolding problem.
While OT requires more iterations to converge, it achieves higher accuracy.

4.2. One dimension. We begin by analyzing the role of the Markov kernel ⇢x

and binning parameter nbin on the one dimensional unfolding problem described in
section 4.1 with L = L

0 = 150 and M
0 = 3. As the performance of the OT method is

fairly stable for di↵erent choices of Sinkhorn regularization ✏, we choose ✏ = 3 ⇥ 10�5

in all simulations. At the end of this section, we demonstrate the e↵ect of di↵erent
choices of ✏.

Figure 3 compares the behavior of OT to RL in terms of the value of W
2
2
(⌫�, ⌫)

along iterations of the method for M = 1. The left panel shows the results of a single
discretization obtained by sampling the continuum problem. In this case, we observe
that RL converges more quickly for all choices of nbin, while OT achieves the best
accuracy in terms of W

2
2
(⌫�, ⌫). The performance of RL is non-monotonic in the num-

ber of bins, with nbin = 28 achieving the best accuracy. The right panel illustrates
the average behavior of RL and OT across 40 independent discretizations of the con-
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(⌫�, ⌫) along iterations. At each iteration

of both algorithms, we take the current approximations of the true data, �OT and
�RL, and apply the unbinned discrete noise model to each as in equation (3.4), in
order to obtain their images under the noise model, ⌫�OT
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. We then measure
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measured data ⌫, in terms of the square Wasserstein metric.
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, ⌫�RL
might also be an interesting point of comparison.

However, since we typically do not have ⌫ ⌧ ⌫�OT
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Figure 3. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods. Left: a
single discretization of the continuum one dimensional unfolding problem. Right: mean and standard
deviation of behavior across 40 independent discretizations of the same continuum unfolding problem.
While OT requires more iterations to converge, it achieves higher accuracy.

4.2. One dimension. We begin by analyzing the role of the Markov kernel ⇢x

and binning parameter nbin on the one dimensional unfolding problem described in
section 4.1 with L = L

0 = 150 and M
0 = 3. As the performance of the OT method is

fairly stable for di↵erent choices of Sinkhorn regularization ✏, we choose ✏ = 3 ⇥ 10�5

in all simulations. At the end of this section, we demonstrate the e↵ect of di↵erent
choices of ✏.

Figure 3 compares the behavior of OT to RL in terms of the value of W
2
2
(⌫�, ⌫)

along iterations of the method for M = 1. The left panel shows the results of a single
discretization obtained by sampling the continuum problem. In this case, we observe
that RL converges more quickly for all choices of nbin, while OT achieves the best
accuracy in terms of W

2
2
(⌫�, ⌫). The performance of RL is non-monotonic in the num-

ber of bins, with nbin = 28 achieving the best accuracy. The right panel illustrates
the average behavior of RL and OT across 40 independent discretizations of the con-
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. In

all of our simulations, we choose ✏bin = 10�40.
In the simulations that follow, we evaluate the relative performance of OT and

RL unfolding by computing the value of W
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(⌫�, ⌫) along iterations. At each iteration

of both algorithms, we take the current approximations of the true data, �OT and
�RL, and apply the unbinned discrete noise model to each as in equation (3.4), in
order to obtain their images under the noise model, ⌫�OT

and ⌫�RL
. We then measure

the accuracy of the OT and RL algorithms by comparing these images to the true
measured data ⌫, in terms of the square Wasserstein metric.

Given the fundamental role of the KL divergence in the RL algorithm, the KL
divergence between ⌫ and ⌫�OT

, ⌫�RL
might also be an interesting point of comparison.

However, since we typically do not have ⌫ ⌧ ⌫�OT
, this leads to KL(⌫|⌫�OT

) = +1.
Analysis of OT and RL performance under other metrics or statistical divergences is
an interesting question that we leave to future work.
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Figure 3. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods. Left: a
single discretization of the continuum one dimensional unfolding problem. Right: mean and standard
deviation of behavior across 40 independent discretizations of the same continuum unfolding problem.
While OT requires more iterations to converge, it achieves higher accuracy.

4.2. One dimension. We begin by analyzing the role of the Markov kernel ⇢x

and binning parameter nbin on the one dimensional unfolding problem described in
section 4.1 with L = L

0 = 150 and M
0 = 3. As the performance of the OT method is

fairly stable for di↵erent choices of Sinkhorn regularization ✏, we choose ✏ = 3 ⇥ 10�5

in all simulations. At the end of this section, we demonstrate the e↵ect of di↵erent
choices of ✏.

Figure 3 compares the behavior of OT to RL in terms of the value of W
2
2
(⌫�, ⌫)

along iterations of the method for M = 1. The left panel shows the results of a single
discretization obtained by sampling the continuum problem. In this case, we observe
that RL converges more quickly for all choices of nbin, while OT achieves the best
accuracy in terms of W

2
2
(⌫�, ⌫). The performance of RL is non-monotonic in the num-

ber of bins, with nbin = 28 achieving the best accuracy. The right panel illustrates
the average behavior of RL and OT across 40 independent discretizations of the con-

20

• RL performance can deteriorate with too many bins
• OT algorithm takes longer to converge than RL; achieves 

higher/comparable accuracy



26

Numerics: 1-D model problem

tinuum problem, with mean performance shown by the solid line and variance shown
by the shaded region. While the large width of some shaded regions demonstrates
that performance of unfolding methods does change for di↵erent discretizations of the
same underlying continuum problem, we still observe the same qualitative trends as
in the case of a single discretization.

Measured data ⌫ vs. unfolding approximations ⌫OT and ⌫RL
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Figure 4. Comparison of measured data ⌫ to ⌫�, where � is from the final iteration of OT
unfolding (left panel) vs. the final iteration of RL unfolding with 28 bins (right panel). In agreement
with Figure 3, we observe that, OT unfolding achieves better accuracy of the approximation ⌫ ⇡ ⌫�
compared to RL unfolding on this task.

For the same unfolding problem, Figure 4 provides a visual comparison of between
the measured data ⌫ and ⌫�, where � is from the final iteration of OT unfolding (left
panel) vs. the final iteration of RL unfolding with 28 bins (right panel). As all quanti-
ties in the numerical scheme are discrete (see section 3.1), the black tick marks along
the bottom of the figure represent the locations of the true measured data {y

0
j
}
n

j=1
and

their weights {⌫j}
n

j=1
. The purple and orange tick marks represent the locations of

{yi}
m

i=1
and their weights {R�)i}mi=1

. For ease of visual comparison, the top portion
of each panel plots Gaussian kernel density estimations of each empirical measure
with bandwidth 0.05. In agreement with Figure 3, we observe that, in this example,
OT unfolding achieves better accuracy of the approximation ⌫ ⇡ ⌫� compared to RL
unfolding.
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Figure 5. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods, averaged
across 40 independent discretizations of the same one dimensional continuum unfolding problem.
While OT requires more iterations to converge, it achieves higher accuracy. As M increases, the
accuracy of RL approaches that of OT, and all methods require more iterations to converge.

Figure 5 considers the decay of W2(⌫�, ⌫) along iterations of OT and RL unfolding
for finer discretizations of the noise model M = 2, 4, and 12. As in Figure 3, the
value of W2(⌫�, ⌫) is averaged over 40 independent discretizations of the continuum
problem, which mean behavior show in solid lines and standard deviation shown
in the shaded regions. As in Figure 3, OT requires more iterations to converge, but
ultimately achieves the best accuracy. However, the benefit of OT in terms of accuracy
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perturb the weights by 0 < ✏bin ⌧ 1. This leads to the binned Markov kernel
⇢̄xk

:=
P

nbin

j=1
((1 � ✏bin)Rjk + ✏bin1/nbin)�ȳj

. We bin the measured data in a sim-

ilar way, approximating ⌫ by
P

nbin

j=1
⌫̄j�ȳj

, where ⌫̄j =
P

i:yi2Q(ȳj)
⌫i. As with the

Markov kernel, to enforce hypotheses (1.3), we perturb the weights by 0 < ✏bin ⌧ 1.
This leads to the binned measured data ⌫̄ :=

P
nbin

j=1
((1 � ✏bin)⌫̄ + ✏bin1/nbin)�ȳj

. In

all of our simulations, we choose ✏bin = 10�40.
In the simulations that follow, we evaluate the relative performance of OT and

RL unfolding by computing the value of W
2
2
(⌫�, ⌫) along iterations. At each iteration

of both algorithms, we take the current approximations of the true data, �OT and
�RL, and apply the unbinned discrete noise model to each as in equation (3.4), in
order to obtain their images under the noise model, ⌫�OT

and ⌫�RL
. We then measure

the accuracy of the OT and RL algorithms by comparing these images to the true
measured data ⌫, in terms of the square Wasserstein metric.

Given the fundamental role of the KL divergence in the RL algorithm, the KL
divergence between ⌫ and ⌫�OT

, ⌫�RL
might also be an interesting point of comparison.

However, since we typically do not have ⌫ ⌧ ⌫�OT
, this leads to KL(⌫|⌫�OT

) = +1.
Analysis of OT and RL performance under other metrics or statistical divergences is
an interesting question that we leave to future work.
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Figure 3. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods. Left: a
single discretization of the continuum one dimensional unfolding problem. Right: mean and standard
deviation of behavior across 40 independent discretizations of the same continuum unfolding problem.
While OT requires more iterations to converge, it achieves higher accuracy.

4.2. One dimension. We begin by analyzing the role of the Markov kernel ⇢x

and binning parameter nbin on the one dimensional unfolding problem described in
section 4.1 with L = L

0 = 150 and M
0 = 3. As the performance of the OT method is

fairly stable for di↵erent choices of Sinkhorn regularization ✏, we choose ✏ = 3 ⇥ 10�5

in all simulations. At the end of this section, we demonstrate the e↵ect of di↵erent
choices of ✏.

Figure 3 compares the behavior of OT to RL in terms of the value of W
2
2
(⌫�, ⌫)

along iterations of the method for M = 1. The left panel shows the results of a single
discretization obtained by sampling the continuum problem. In this case, we observe
that RL converges more quickly for all choices of nbin, while OT achieves the best
accuracy in terms of W

2
2
(⌫�, ⌫). The performance of RL is non-monotonic in the num-

ber of bins, with nbin = 28 achieving the best accuracy. The right panel illustrates
the average behavior of RL and OT across 40 independent discretizations of the con-
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Figure 7. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods on a two
dimensional jet mass unfolding problem. Similar trends emerge as in the one dimensional case: OT
requires more iterations to converge, but achieves higher accuracy, particularly when M is small.

ularly sensitive to the details of hadronization — the process by which quarks and
gluons form bound states like the proton and neutron.

The solid red line shows the true value of observables for the measure �true. The
solid green line shows the values for �OT, which are independent of choice of binning.
The dotted yellow line shows the values for �RL, which depends strongly on the
number of bins. In agreement with the earlier simulations, which measured error in
terms of W2(⌫�, ⌫), we observe that RL remains sensitive to the choice of binning,
and OT achieves higher overall accuracy. As before, the accuracy benefits of OT are
highest for smaller values of M .
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is largest when M is small, so that the discretization of the Markov kernel is coarse.
As M increases, the accuracy of RL approaches that of OT, while the accuracy of
OT remains roughly the same. As M increases, all methods require more iterations
to converge.

In practice, we also observed similar phenomena when M is fixed and we consid-
ered di↵erent values of M

0: OT outperforms for small values and is more similar to
RL for large values. We believe these trends are due to the fact that smaller values
of M and M

0 lead to sparser discretizations of ⌫ and ⌫�, which have less meaning-
ful overlap, thus requiring coarser binning for RL to compare their relative values.
Such coarse binning naturally introduces discretization errors. On the other hand,
the OT method does not require absolute continuity/overlap of the measures, and its
performance appears more stable to di↵erent choices of M and M

0.

0 5 10 15 20 25

Iteration

10�4

10�3

10�2

10�1

W
2 2
(�

�
,�

)

M=2

0 5 10 15 20 25

Iteration

10�4

10�3

10�2

10�1

W
2 2
(�

�
,�

)

M=4

0 5 10 15 20 25

Iteration

10�4

10�3

10�2

10�1

W
2 2
(�

�
,�

)

M=12

OT, � = 1e-04

OT, � = 3e-05

OT, � = 8e-06

Figure 6. Behavior of W2(⌫� , ⌫) along iterations of the OT unfolding method for di↵erent
choices of the Sinkhorn regularization ✏, averaged across 40 independent discretizations of the same
one dimensional continuum unfolding problem. We observe best accuracy for ✏ = 3 ⇥ 10�5.

We conclude by illustrating the e↵ect of di↵erent choices of the Sinkhorn reg-
ularization parameter ✏. In Figure 6 we compare the behavior of W2(⌫�, ⌫) along
iterations for the OT unfolding method for three choices of ✏, averaging across 40
independent discretizations of the same continuum unfolding problem. In all three
cases, we observe that ✏ = 3 ⇥ 10�5 achieves the best accuracy, motivating our choice
of this value of ✏ throughout this manuscript.

4.3. Two dimensions. We now consider the behavior of OT and RL on the two
dimensional jet mass unfolding problem described in section 4.1.2, with L = L

0 = 100
and M

0 = 3.
Figure 7 compares the behavior of OT and RL in terms of the value of W

2
2
(⌫�, ⌫)

along iterations, for varying discretizations of the noise model: M = 2, 4, and 12. As
in the one dimensional case, we observe that RL converges more quickly for all choices
of nbin, while OT achieves comparable or better accuracy in terms of W

2
2
(⌫�, ⌫). The

benefit of OT in terms of accuracy is largest when M is small, so that the discretization
of the Markov kernel is coarse. As M increases, the accuracy of RL approaches that
of OT, while the accuracy of OT remains roughly the same. The performance of RL
is non-monotonic in the number of bins, with nbin = 100 achieving the best overall
accuracy across all three simulations.

Figure 8 compares the behavior of OT and RL in terms of four di↵erent ob-
servables, where for any probability measure µ and function f(x1, x2) we denote
hf(x1, x2)iµ :=

R
f(x1, x2)dµ(x1, x2) and let Var := hk(x1, x2)k2

iµ � kh(x1, x2)iµk
2.

In the motivating jet mass problem, the moments of the true distribution �true are
more precisely known than the full distribution, and the ratio hx1/x2i�true is partic-
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perturb the weights by 0 < ✏bin ⌧ 1. This leads to the binned Markov kernel
⇢̄xk

:=
P

nbin

j=1
((1 � ✏bin)Rjk + ✏bin1/nbin)�ȳj

. We bin the measured data in a sim-

ilar way, approximating ⌫ by
P

nbin

j=1
⌫̄j�ȳj

, where ⌫̄j =
P

i:yi2Q(ȳj)
⌫i. As with the

Markov kernel, to enforce hypotheses (1.3), we perturb the weights by 0 < ✏bin ⌧ 1.
This leads to the binned measured data ⌫̄ :=

P
nbin

j=1
((1 � ✏bin)⌫̄ + ✏bin1/nbin)�ȳj

. In

all of our simulations, we choose ✏bin = 10�40.
In the simulations that follow, we evaluate the relative performance of OT and

RL unfolding by computing the value of W
2
2
(⌫�, ⌫) along iterations. At each iteration

of both algorithms, we take the current approximations of the true data, �OT and
�RL, and apply the unbinned discrete noise model to each as in equation (3.4), in
order to obtain their images under the noise model, ⌫�OT

and ⌫�RL
. We then measure

the accuracy of the OT and RL algorithms by comparing these images to the true
measured data ⌫, in terms of the square Wasserstein metric.

Given the fundamental role of the KL divergence in the RL algorithm, the KL
divergence between ⌫ and ⌫�OT

, ⌫�RL
might also be an interesting point of comparison.

However, since we typically do not have ⌫ ⌧ ⌫�OT
, this leads to KL(⌫|⌫�OT

) = +1.
Analysis of OT and RL performance under other metrics or statistical divergences is
an interesting question that we leave to future work.
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Figure 3. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods. Left: a
single discretization of the continuum one dimensional unfolding problem. Right: mean and standard
deviation of behavior across 40 independent discretizations of the same continuum unfolding problem.
While OT requires more iterations to converge, it achieves higher accuracy.

4.2. One dimension. We begin by analyzing the role of the Markov kernel ⇢x

and binning parameter nbin on the one dimensional unfolding problem described in
section 4.1 with L = L

0 = 150 and M
0 = 3. As the performance of the OT method is

fairly stable for di↵erent choices of Sinkhorn regularization ✏, we choose ✏ = 3 ⇥ 10�5

in all simulations. At the end of this section, we demonstrate the e↵ect of di↵erent
choices of ✏.

Figure 3 compares the behavior of OT to RL in terms of the value of W
2
2
(⌫�, ⌫)

along iterations of the method for M = 1. The left panel shows the results of a single
discretization obtained by sampling the continuum problem. In this case, we observe
that RL converges more quickly for all choices of nbin, while OT achieves the best
accuracy in terms of W

2
2
(⌫�, ⌫). The performance of RL is non-monotonic in the num-

ber of bins, with nbin = 28 achieving the best accuracy. The right panel illustrates
the average behavior of RL and OT across 40 independent discretizations of the con-
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is largest when M is small, so that the discretization of the Markov kernel is coarse.
As M increases, the accuracy of RL approaches that of OT, while the accuracy of
OT remains roughly the same. As M increases, all methods require more iterations
to converge.

In practice, we also observed similar phenomena when M is fixed and we consid-
ered di↵erent values of M

0: OT outperforms for small values and is more similar to
RL for large values. We believe these trends are due to the fact that smaller values
of M and M

0 lead to sparser discretizations of ⌫ and ⌫�, which have less meaning-
ful overlap, thus requiring coarser binning for RL to compare their relative values.
Such coarse binning naturally introduces discretization errors. On the other hand,
the OT method does not require absolute continuity/overlap of the measures, and its
performance appears more stable to di↵erent choices of M and M
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Figure 6. Behavior of W2(⌫� , ⌫) along iterations of the OT unfolding method for di↵erent
choices of the Sinkhorn regularization ✏, averaged across 40 independent discretizations of the same
one dimensional continuum unfolding problem. We observe best accuracy for ✏ = 3 ⇥ 10�5.

We conclude by illustrating the e↵ect of di↵erent choices of the Sinkhorn reg-
ularization parameter ✏. In Figure 6 we compare the behavior of W2(⌫�, ⌫) along
iterations for the OT unfolding method for three choices of ✏, averaging across 40
independent discretizations of the same continuum unfolding problem. In all three
cases, we observe that ✏ = 3 ⇥ 10�5 achieves the best accuracy, motivating our choice
of this value of ✏ throughout this manuscript.

4.3. Two dimensions. We now consider the behavior of OT and RL on the two
dimensional jet mass unfolding problem described in section 4.1.2, with L = L

0 = 100
and M

0 = 3.
Figure 7 compares the behavior of OT and RL in terms of the value of W

2
2
(⌫�, ⌫)

along iterations, for varying discretizations of the noise model: M = 2, 4, and 12. As
in the one dimensional case, we observe that RL converges more quickly for all choices
of nbin, while OT achieves comparable or better accuracy in terms of W

2
2
(⌫�, ⌫). The

benefit of OT in terms of accuracy is largest when M is small, so that the discretization
of the Markov kernel is coarse. As M increases, the accuracy of RL approaches that
of OT, while the accuracy of OT remains roughly the same. The performance of RL
is non-monotonic in the number of bins, with nbin = 100 achieving the best overall
accuracy across all three simulations.

Figure 8 compares the behavior of OT and RL in terms of four di↵erent ob-
servables, where for any probability measure µ and function f(x1, x2) we denote
hf(x1, x2)iµ :=

R
f(x1, x2)dµ(x1, x2) and let Var := hk(x1, x2)k2

iµ � kh(x1, x2)iµk
2.

In the motivating jet mass problem, the moments of the true distribution �true are
more precisely known than the full distribution, and the ratio hx1/x2i�true is partic-
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Figure 8. Behavior of di↵erent observables along iterations for OT and RL unfolding methods

on a two dimensional jet mass unfolding problem. As in the one dimensional case, the accuracy of
RL is strongly dependent on the choice of bins. In general, the OT method achieves higher overall
accuracy, particularly when M is small.

[7] H. H. Bauschke, P. L. Combettes, et al., Convex analysis and monotone operator theory
in Hilbert spaces, vol. 408, Springer, 2011.

[8] J.-D. Benamou, G. Carlier, M. Cuturi, L. Nenna, and G. Peyré, Iterative Bregman pro-
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we observe that (3.5) is equivalent to

arg min
P2A\B

"KL(P|K̃)(3.7)

A = {P 2 R(m+L)⇥(n+1) : P1n+1 2 kerB}, B = {P 2 R(m+L)⇥(n+1) : PT1m+L = b}

Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "

0. This corresponds to replacing � in the
definition of P with "

0

"
�. In the present work the regularization weights are kept equal

for the sake of convenience.

We compute an approximate minimizer via Bregman projections [10],

P2l+1 = ProjKL
A (P2l), P2l+2 = ProjKL

B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
ficient conditions under which the constant in the rate of convergence scales merely
linearly in 1/". However, we leave further analysis of the dependence on " for our
iterations (3.8) to future work.

As in previous work on entropically regularized transport problems [14,31], rather
than computing the projections (3.8) directly, which consists of updating a matrix of
size (m + L) ⇥ (n + 1), we instead use a Sinkhorn-type scheme , which only requires
us to update two scaling variables of size m + L and n + 1,

(3.9) ul+1 =
ProjKL

kerB(ul
� K̃vl)

K̃vl
, vl =

b

K̃Tul
, l = 0, . . . , LOT .

The equivalence of (3.8)-(3.9) is proved in the Supplementary Material. In particular,
we show that P2l = diag(ul)K̃diag(vl), hence each iteration of (3.9) yields a current
approximation of � via the formula

�k = P2l

m+k,n+1
= ul

m+k
vl

n+1
, k = 1, . . . , L.

2To see the correspondence between (3.7) and recent work of Peyré [30], note that one may replace
C̃ by a vectorization of C appended with 0(L⇥1), denoted by c, and replace P by a vectorization of
� appended with �, denoted by p. This change of variables shows (3.7) is equivalent to minimizing
"KL(p|e�c/"), subject to a�ne constraints on p. Note that, in these new variables, we have that
e�c/" is strictly positive (which failed for K̃). Furthermore, the Bregman projections in the original
variables (3.8) are equivalent to Bregman projections in the new variables.

16



Future work
Denoising via Optimal Transport
• Application to collider data
• Improved algorithms (computation of              ?)
• Convergence and stability analysis

29

we observe that (3.5) is equivalent to

arg min
P2A\B

"KL(P|K̃)(3.7)

A = {P 2 R(m+L)⇥(n+1) : P1n+1 2 kerB}, B = {P 2 R(m+L)⇥(n+1) : PT1m+L = b}

Remark 2. Note that equation (1.11) is only one of numerous possible definitions
of entropic regularization of the unfolding problem (1.8) that lead to the above discrete
formulation. For example, modifying the reference measure in classical definition of
Wp," from µ1⌦µ2 to m̂⌦⌫ eliminates the need for the term "KL(⌫�|m̂). One may also
choose to allow for greater parametric freedom in (1.11) by changing the regularization
weight " in the term "KL(�|�̂), say to "

0. This corresponds to replacing � in the
definition of P with "

0

"
�. In the present work the regularization weights are kept equal

for the sake of convenience.

We compute an approximate minimizer via Bregman projections [10],

P2l+1 = ProjKL
A (P2l), P2l+2 = ProjKL

B (P2l+1), l = 0, . . . , LOT .(3.8)

where ProjKL
C (P) = arg minP02C KL(P0

|P). The first projection forces the first mar-
ginal of P to correspond to weights for a pair (⌫�,�); the second projection forces
the second marginal of P to match the weights of the measured data ⌫.

Remark 3 (Rate of convergence). The argmin problem (3.7) is an entropy
regularized unbalanced optimal transport problem, and approximating the minimizer
via Bregman projections is a prominent approach; see [13, 14, 31] and the references
therein. For example, recent work due to Peyré [30], which applies2 to iterations of
the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
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the form (3.8), shows convergence to optimum in terms of a dual formulation of the
problem, with rate of convergence O(1/l). Importantly, Peyré’s work develops suf-
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perturb the weights by 0 < ✏bin ⌧ 1. This leads to the binned Markov kernel
⇢̄xk

:=
P

nbin

j=1
((1 � ✏bin)Rjk + ✏bin1/nbin)�ȳj

. We bin the measured data in a sim-

ilar way, approximating ⌫ by
P

nbin

j=1
⌫̄j�ȳj

, where ⌫̄j =
P

i:yi2Q(ȳj)
⌫i. As with the

Markov kernel, to enforce hypotheses (1.3), we perturb the weights by 0 < ✏bin ⌧ 1.
This leads to the binned measured data ⌫̄ :=

P
nbin

j=1
((1 � ✏bin)⌫̄ + ✏bin1/nbin)�ȳj

. In

all of our simulations, we choose ✏bin = 10�40.
In the simulations that follow, we evaluate the relative performance of OT and

RL unfolding by computing the value of W
2
2
(⌫�, ⌫) along iterations. At each iteration

of both algorithms, we take the current approximations of the true data, �OT and
�RL, and apply the unbinned discrete noise model to each as in equation (3.4), in
order to obtain their images under the noise model, ⌫�OT

and ⌫�RL
. We then measure

the accuracy of the OT and RL algorithms by comparing these images to the true
measured data ⌫, in terms of the square Wasserstein metric.

Given the fundamental role of the KL divergence in the RL algorithm, the KL
divergence between ⌫ and ⌫�OT

, ⌫�RL
might also be an interesting point of comparison.

However, since we typically do not have ⌫ ⌧ ⌫�OT
, this leads to KL(⌫|⌫�OT

) = +1.
Analysis of OT and RL performance under other metrics or statistical divergences is
an interesting question that we leave to future work.
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Figure 3. Behavior of W2(⌫� , ⌫) along iterations for OT and RL unfolding methods. Left: a
single discretization of the continuum one dimensional unfolding problem. Right: mean and standard
deviation of behavior across 40 independent discretizations of the same continuum unfolding problem.
While OT requires more iterations to converge, it achieves higher accuracy.

4.2. One dimension. We begin by analyzing the role of the Markov kernel ⇢x

and binning parameter nbin on the one dimensional unfolding problem described in
section 4.1 with L = L

0 = 150 and M
0 = 3. As the performance of the OT method is

fairly stable for di↵erent choices of Sinkhorn regularization ✏, we choose ✏ = 3 ⇥ 10�5

in all simulations. At the end of this section, we demonstrate the e↵ect of di↵erent
choices of ✏.

Figure 3 compares the behavior of OT to RL in terms of the value of W
2
2
(⌫�, ⌫)

along iterations of the method for M = 1. The left panel shows the results of a single
discretization obtained by sampling the continuum problem. In this case, we observe
that RL converges more quickly for all choices of nbin, while OT achieves the best
accuracy in terms of W

2
2
(⌫�, ⌫). The performance of RL is non-monotonic in the num-

ber of bins, with nbin = 28 achieving the best accuracy. The right panel illustrates
the average behavior of RL and OT across 40 independent discretizations of the con-
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is largest when M is small, so that the discretization of the Markov kernel is coarse.
As M increases, the accuracy of RL approaches that of OT, while the accuracy of
OT remains roughly the same. As M increases, all methods require more iterations
to converge.

In practice, we also observed similar phenomena when M is fixed and we consid-
ered di↵erent values of M

0: OT outperforms for small values and is more similar to
RL for large values. We believe these trends are due to the fact that smaller values
of M and M

0 lead to sparser discretizations of ⌫ and ⌫�, which have less meaning-
ful overlap, thus requiring coarser binning for RL to compare their relative values.
Such coarse binning naturally introduces discretization errors. On the other hand,
the OT method does not require absolute continuity/overlap of the measures, and its
performance appears more stable to di↵erent choices of M and M

0.
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Figure 6. Behavior of W2(⌫� , ⌫) along iterations of the OT unfolding method for di↵erent
choices of the Sinkhorn regularization ✏, averaged across 40 independent discretizations of the same
one dimensional continuum unfolding problem. We observe best accuracy for ✏ = 3 ⇥ 10�5.

We conclude by illustrating the e↵ect of di↵erent choices of the Sinkhorn reg-
ularization parameter ✏. In Figure 6 we compare the behavior of W2(⌫�, ⌫) along
iterations for the OT unfolding method for three choices of ✏, averaging across 40
independent discretizations of the same continuum unfolding problem. In all three
cases, we observe that ✏ = 3 ⇥ 10�5 achieves the best accuracy, motivating our choice
of this value of ✏ throughout this manuscript.

4.3. Two dimensions. We now consider the behavior of OT and RL on the two
dimensional jet mass unfolding problem described in section 4.1.2, with L = L

0 = 100
and M

0 = 3.
Figure 7 compares the behavior of OT and RL in terms of the value of W

2
2
(⌫�, ⌫)

along iterations, for varying discretizations of the noise model: M = 2, 4, and 12. As
in the one dimensional case, we observe that RL converges more quickly for all choices
of nbin, while OT achieves comparable or better accuracy in terms of W

2
2
(⌫�, ⌫). The

benefit of OT in terms of accuracy is largest when M is small, so that the discretization
of the Markov kernel is coarse. As M increases, the accuracy of RL approaches that
of OT, while the accuracy of OT remains roughly the same. The performance of RL
is non-monotonic in the number of bins, with nbin = 100 achieving the best overall
accuracy across all three simulations.

Figure 8 compares the behavior of OT and RL in terms of four di↵erent ob-
servables, where for any probability measure µ and function f(x1, x2) we denote
hf(x1, x2)iµ :=

R
f(x1, x2)dµ(x1, x2) and let Var := hk(x1, x2)k2

iµ � kh(x1, x2)iµk
2.

In the motivating jet mass problem, the moments of the true distribution �true are
more precisely known than the full distribution, and the ratio hx1/x2i�true is partic-
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