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Setup:

Metric space of parameters (€2, dg)

Parametric statistical/noise model: {v,: 0 € Q} C P(Y)
Measured data: v € P(Y)

Goal: Find data 6 € €2 so that the noisy data v_ € SP(¥) satisfies
U R U.

Common additional hypotheses:

Well-specified: v = v,__for some ox € £2

Continuity of inverse: v, — vV, =— 0, > O
n

Equivalent Goal: Find estimator o € €2 so that
O X Ox.
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CMS Detector

Total weight : 14,000 tonnes 12,500 tonnes SILICON TRACKERS

Overall diameter :15.0m Pixel (100x150 um?) ~1.9 m?* ~124M channels
Overall length  :28.7m Microstrips (80-180 um) ~200 m* ~9.6M channels
Magnetic field :3.8T

¥

SUPERCONDUCTING SOLENOID
Niobium titanium coil carrying ~18,000 A

MUON CHAMBERS
Barrel: 250 Drift Tube, 480 Resistive Plate Chambers
Endcaps: 540 Cathode Strip, 576 Resistive Plate Chambers

PRESHOWER
Silicon strips ~16 m* ~137,000 channels

1l
\

FORWARD CALORIMETER
Steel + Quartz fibres ~2,000 Channels

CRYSTAL
ELECTROMAGNETIC
CALORIMETER (ECAL)
~76,000 scintillating PbWO, crystals

HADRON CALORIMETER (HC
Brass + Plastic scintillator ~7,000 channels

[CMS, 2022
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Transverse slice . \
through CMS
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Hadron -.;.':"-_-_:;-:...-.

Calorimeter 4 Superconducting

Solernoid



Distortions from detector:
* miss particles ®

Transverse slice

* |ncorrectly measure thiough CMS
intensity/detector location

e add background events
from other processes... \\\\\

Silicon
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Electromagnetic
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Distortions from detector:
* miss particles ®

* |ncorrectly measure Tii?iﬁ‘;?ﬂ‘ée P
intensity/detector location

e add background events

from other processes... \\}l\},
)
Noise model, 6 — v 7
. . , lG Silicon / | "t.:s[
* Detailed microscopic recker L L 1] 1
models of detector effects: B &y il
, Electromagnetc
Geant4, ATLAS FullSim, Colorimeter '
CMS FullSim, ... Hadron N/ /;
. . Calorimeter ' ——
« Faster approximations: oo

Delphes
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Goal: Find data 6 € €2 so that the noisy data v_ € SP(¥/) satisfies

Common additional hypotheses:
Absolute cty: A m € P(Y)st.v<<v, <mand KL(v|m) < + o0

Equivalent Goal: Find data o € €2 so that

1 N

Emp/r/ca/:m=N215yl = 1/—25 v, v, _25(1/

Find the MLE: .. = argmaxaz log ((1/6)1-) 12
i=1
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Absolute cty: 3 m € P(Y)st.v<Kv, <mand KL(v|m) < + o
In LHC applications, v is empirical and known only through simulation.

To enforce the absolute cty hypothesis, reference measure m is taken to

be empirical, uniformly distributed on a grid; both v and v, are replaced
with approximations on the same grid.

Limitations:

® Experiments must coordinate bin centers ahead of time

e Optimal o+ polluted by discretization errors

e Computational complexity of grid-based methods scales

exponentially with dimension = v and v, are typically replaced with
lower dimensional projections, throwing away information
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Motivated by the need for an unbinned unfolding method, which admits
rlgorous guarantees and a provably convergent numerical method...

Goal: Find data 6 € €2 so that the noisy data v_ € SP(¥/) satisfies

We consider a nonparametri Interpretation: true signal at location X is
e Q=P(X), where L is observed on the detector as p, € P(RY)

« Given a Markov kernel p : X = P(RY) : x = p,, define 6 — v, by
fd(y) = fdp()do(x) , Vf € C,RY)

JR X YR

Examples: No noise: p, =0, , U, =0

Gaussian mixture noise: p, = @(y — x)dA(y), v, = @ * o dA

Transport map noise: P, = Oy, Uy = 1H#0
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Statistical Estimators (minimum Kantorovich, \Wasserstein
projection,..)

» [Bassetti, Bodini, and Regazzini '06] consider v = v,, as an empirical

iid approximation of some Uiy o = v, ; sufficient conditions for
existence of optimum o, and convergence of o, — 0«

 [Bernton, et. al. '19] consider €2 = R, weaken hypothesis on

approximation v, and that Uiy e = U, ; introduce numerical

approach for computing minimizer via Monte-Carlo expectation
maximization... but only once a method is given to optimize the finite

sample problem in o.

« [Garcia-Trillos, Jaffe, Sen '25] proved sensitivity efficiency of the
estimator.

12



13



Learning generative models

* |Genevay, Peyre, and Cuturi "18] and [Akyildiz, Girolami,
Vadeboncouer, and Stuart '25] consider numerical approach via

auto-differentiation for v_ = ¢ * (g#0) for ¢, g smooth
Inverse problems over the space of measures

o [Li, et. al. '24, ’25] consider transport map noise, develop sufficient
conditions for existence, and raise the open question of sufficient
conditions for uniqueness

» [Lasserre "24] considers v, given by a Gaussian mixture where

SuUpp o is a compact set of mean and covariance parameters;

characterizes the unigue minimizer in terms of a moment relaxation
problem.

13
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(CRC): x Mp(px) has totally bounded sublevel sets

(INJ): o0 = v is injective on the set of minimizers

Thm [C., Faktor, Nachman ’26]:

e [f(CTY)and (CRC) hold,

c fp> 1, v < £ and (INJ), then

problem is feasible.

The hypotheses are necessary:

= (CTY) | =(CTY)
(CRC) | Yes No
—-(CRC) | No

Iff the
! p>1|p=1
v & LY Yes No
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e Measurement v € L(Y)
e Noise model p : X — L(Y)

Goal: Find data 6 € 9°(X) so that the noisy data v, € 9P(Y) satisfies
o = argmin, W/ (v,, V)

With this regularization, the problem becomes an entropy regularized
unbalanced transport problem [Chizat, Peyré, Schmitzer, Vialard '18].

« Computational benefits: for
approximating minimizer via Bregman projections.

* Analytical benefits: Many noise maps are badly unstable, I.e.,
U, ~W v #> 0 & o', and entropic regularization
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Goal: Find data o0 € 9(X) so that the noisy data v, € SP(Y) satisfies
o = argmin, W/ (v,, V)

1 & 1
U:Z;(Sxk and mzazéyz
=1 1=

This leads to the following convex optimization problem:

argmin 2, ;|y; — y', ¥ dl';+e2 01 1og(op)+ ex;1';; log(L;)

o,
ZF = L.

i — ¥
Note: (V). = Z R;0; = (Ro);, for R;; = (p,),
ij 19
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Numerics: 1-D model problem




Continuum:

1

Noise model: p, = N( (x),B)dL, t =id + Esgn

Measurement: o = (

rue data: 5-true — E wz CrL, /UZ

(0, 8)dL) *

r)dL(x) for ¢; € R,v; > 0.

(t#o-true)
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Discrete:

Choose L' samples of 5true to construct o} e

Combine with M’ samples of p,. to construct and L'M’ samples of I

Giveno = % Zézl 0z, choose M samples of p,. to construct R

Binned approximations (with noise model perturbed to satisfy absolute
continuity hypotheses) are used to compare with Richardson-Lucy.
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Measured data v vs. unfolding approximations v, and vy
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Measured data v vs. unfolding approximations v, and vy
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Numerics: 1-D model problem
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* RL performance can deteriorate with too many bins

higher/comparable accuracy

» OT algorithm takes longer to converge than RL; achieves

25

25



Numerics: 1-D model problem

M =14 M =12
107! '
—— OT
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-——- RL, nyy, =28
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107 —s— RL, npy, =38
N
S
=

1073 E
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Iteration Iteration Iteration

Relative benefit of OT appears highest for course discretization
of noise model used in optimization (OT better for smaller M).
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Performance on jet mass and groomed jet mass observables;
synthetic data generated using Pythia, detector effects Delphes.
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Numerics: 2-D jet mass problem
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