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Lecture 11

This Friday last makeup lecture3 30 4 45pm

130 Definition of the Limit of a Function

Def Given XER AER a is
an accumulation point of Xif 870 xe sit

O Ix at 8
Lemma a is an

accumulation pointof ER
Xn IN IR sit XnEX1 a

Knew and xn a








































DefGiven XER nonemptyf X I a an accumulation
point of

X LEE the

limit of f x as x approaches
aiIif egT

Xn IN X a sit xn a wehave
To fan L

in sequential
defnof gaff

We denote this as figa fix L

Ex X t.int IN
fix R f x

2 o
0 0 is accptofx

1 If x to

11
1








































Let's prove this
Fix Xn IN X sit xn 0

We must show hefon to

Fix MER

Scratch WLOG M O

fun m xn

If M O then fan M nEN
and we are done Suppose Mo
Since Xn 0 NS.t.n
NensuresXnlxn olstm

Thus n N fan M
Hence limflxnlto.no








































Ex X time MFO
fix R f x tx
him f x D N E
70

Prop Given XER nonemptyf R aan acc pointof Xand LER then

IMath L

I
E 0 78 0 Sit xEX with
02H aks we have Hx LICE








































Ex f R R f x 3 1

for
I if tht is in this interval

2 E y
then If x 21C

t.dk s X
10

if x is in this interval
then HG 21 9

Guess Iim fix 2
71

Last time we showed this
using

sequences defn Now we show
vine 8 characterization

Pf Fix E 0

arbitrary








































Scratch
A 21 E 13

312431 11 E

L 1 11 43

Let 8 93 Then 04 11 8
ensures If x 214

Alt Ex f R IR
2 Eff

gc
2 g I

ITIS I

Remark If the derivative off at ais larger 8 must be smaller








































AH Ex
f R R f x 43

1 x 1
0 1

2 4 y
2 a
2 e IT
t.dk s X

Guess Iim fx 2
71








































31 Limit Theorems for Functions

First just like we combined

sequences
to get new seguenas

we can combine fns to get new

fins via pointwiseoperations

Def Given XER fig X IR
CER
i If x If x

ii f x f x EX
iii ft
g

x f x glxiv fg x flightv1
g

x
f txexst.gl








































Now we have analogies of
limit theorems

The Given XER fig X IR
CER a is an accaf Xif limfa LERandfifgxtM.GRta

then
i Ifa If x 21
Ii Ima let 161 cL
iii ligalf g

x Ltm

lirl Iffy x LM

N 1
1 11 7 as longas

M o








































Pf We will show iii

Fix arbitrary xn IN X1 a

sit Xn a Then fan L
and g xn

M Thus

Life n tgan Ltm

This shows Isaff g x Ltm








































32 One Sided and Infinite Limits

Recall

Ex X time MFO
fix R f x

lim f x D N E
0

Def Given XER AER is

a right ace point of Xleft ace point of
X

if 8 0 XE X sit
Oca x 8
ocx a s

of








































A is a right arc of X
C l l l infii

a

Lemma a is a right resp left
acc point of XERI
Xn IN X a sit Xn a

nba

Pf Suppose a is a right acc
point of X We define an

inductively








































Choose X1 Sit Xa EX and

Oca 1 1

Suppose we have chosen
Xn E X a sit Xn Exn
and Oca xn in

Let 8 min 1 a xn

Bydefnof right accpoint
Xn E X a sit

Oca xnt 1 8

Since a xntka Xn Xn anti
Likewise a Xnti 1








































This defines an
increasing

sequence satisfyingOsa xn ch KNEIN

By Squeeze
Lemma limita

Other direction next time





























































































































































33 Continuity




































































