


Office Hours:

Wed 3:30-4:30pm, Thur 1-2pm

Midterm 2: Wednesday, May 29th






























Lecture 14

I

Def Consider X YERfix R
g
Y R

g Y
EX

then define fog Y IR byfog y flgly
Tha Consider X Y ER
fix R

g
Y R

g Y
EX

then for
any

a Y if

giscts at a fiscts at gla
we have that fog is cts at a








































34 The Heine Barel Theorem

Def f a b R is cts on Ca b

if it is cts at X a b

Gal cts fns on a closed interval
attain their max and min

Our firststep towards this
goal will be

to show that
f x a b

is a bounded subset of IR








































Def Given XER f X IR
and YER fisboundedon

YifFMERS.t.lt

x 1EMVxtXAY

Lemma Given XER f AIR
if f is cts at CEX then
8 0 sit f is bold on 6 8,48

Claims If f is bounded on

Yi 2K then fis baldon

TYi

Problem We have a b EYE
we don't necessarily know f is
bold on infinite union








































on infinite amon

Good news Weactually onlyneed finitely many
CBE

s t a b YI Ici
The Heine Borel
Let f be a collection of openintervals sit

a b UJThen there exists Ii Iz In Jsit a b É Ii



Them If f L b IR is continuous
then fis bounded

Pf Following our
earlier idea byLemma Vce a b

open
interval Ic containing Cst
f is bold on Ic

Since a b U Ic
cE a b

by Heine Bored Ee cn 6,5
s.t.la bJE Ico

Since fis bad on Ici it is
bold on a b



This If fila b R is cts then

Cide Caib S.tn

dEf6 Ef d V xECabminEfx xeCabB

Ref This shows that acts for
on a closed interval attains its
Max and min

PfLet m sup fax EE a b

We will show 2 dec b St.f dl m

We know f6 EM e a b

Assume fsoc that flx m
E a b Define gila

b DIRby

glxl m



then
gis

cts on Caib Byprerthem g
is bold on a b so

A sit Efa b

m game
CM f x
11

f x
C M to

this contradicts the defnofMas least upper bound XD

Existence of minimizer via
f



Good news we now know

optimization problems of the
form acts

min fix
f a b

have a solution

Bad news Many important
functions that we want to

optimize are not continuous but

merely
lower semi continuous

Def Given XER f X IR is

flower
semicontinuous

upper semi continuous at Xo if E 70

8 0 sit xeXand x xok8 ensures
ffx f x 7 E

f x f xoke



Ex fan
0

4 ie EIxf

xol EvXo

Fact f is lower semicts
f is upper semicts

This HWA If f a b R is

lower semi continuous then
CE a b sit

f c Ef x at a b

Thus f attains its min on a b



Just like we had a characterization

of continuity in terms ofthe limiting behavior of a
function at a point we likewise
have a characterization oflower semicty in terms of sequences

lingyan lim inf an n N

limsup an lim sup an n N
no a

Ex
N a

a
6 0 a

0
0

N



These limits always exist

Lemma For
any

an IN I
bn inf an NN is increasing and
a µ sup an n N is

decreasing

Pf Note that AN IN IRUE 03 F.EE

uIfaptlRformeNthen
an n N is bold below so

an n Nti an n N is also
bounded below and
anti ing an n N B ing

3 an

s



The Given a sequence sn

Issn exists linmifsn liysy.ph

Furthermore if either of these equivalentconditions holds his son Is sn times sn

Remarks
If s M seS then sup s M
bn inf sn n N sup sn n N an

If rn and tn are sequences whose
limits exist and rn In KNEIN
then 1 Jan hasten His Q 10 for

convergent

lipid sn fire bn find an I sn
1mn58 1 sn 150 sup sn n N

5s inf snin N HWZ

Ewing snin N aster
limffsn bold

Similarly mid sn limn Bsn



Pf
EI ists.fi

minfsnImsopsnelimsnCASEI
REMI so for all MO there

exists No s.t.no No Snam Thus
an sup snin No M Since an is

a decreasing sequence an ano M N No
Since MCO was arbitrary by the definition
of divergence to 0 we have Iran o

Thus missn FEB sn 5s an 0 so

liminfsn limnszsn lia.sn 0

CASEISupposelimsnIT.hn so sn o

By previous case Lib sn ESI sn 1mar sn o

Thus FYI son HIS son Iso sn o

Multiplyingby 1 Sn Midsm on to

CASEGSupposelimsnsifors.IT Fix 870 Bydefn
ofconvergence No sit n No implies
Isn slae S E sneste Hence

ano sup snin No Este and since an
is decreasing N No ensures an ano ste

Likewise bro inf snin No S E and
since bn is increasing N No ensures
bn boots E






