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Lecture 15

ElementaryAnalysis Ross

This If f a b IR is continuous
then f is bounded on a b

Them If f a b IR is cts
then c d f a b sit
f c f x fld Caib

D G 2




Def Given XER fix IT is

fapper semi continuous at Xo if
lower semi continuous
EU 870 sit EX and Ix xoks then

41
1 fixo CE
f x f xo E f x f xo E

Fact f X IR is lower semicts
I
f is upper semicts

The HWA If f a b is
lower semicontinuous then
CE aib sit

f c f x c a b
t attains its minimum



20 21 The limsupand timing
of bold and unbold sequences
Recall For XER
suptxl qtoifxisun.ba

above

supremum of if Xisboldabove

Now for XER X 0
suph

go
if DEX

o if X 9 03

sup x 03 if to X
and a

infix4
0 if oex

to if to

inf X 03 otherwise



Lemma For XEYER
a supt Xt infixG sup X sup YI

linting x inf
41

Pf First weshow
i

suplex to iftae X
o if X 03

supt 719 23 otherwise

9
1 01 if oex
to if to

inf
X1 to otherwise

infix
Now we show ii



suptxl
ftoift.ee

mtoEY
oifX E

3SUPXIE B Etherwise
since 9 0

SuY 0

sup Y if toex likewise

suply if 4 03 19 0

supY 8 otherwise EYE 03

Sup Y

Finally iii follows from CilandGi

Def Given xniIN Raj.in
limsupxn lim'supExnnNfn70 N 70

limingxni liminflxy.noBnx No

bn IN IR



For
any

Xn IN I these exist

Lemma For
any

xn IN R
an is decreasing

and
bn is

increasing Hence

Iim an and him by exist
N N N 78

Pfof LemmaThis follows from the fact
that Xn n N Xn n N B
and the previous lemma

Ex Xr C 17
last Xn linkup him N him 1 1

LIMIT Xn 1
NO



Ex xn Xn N R

limsupxn limsupkn.in N nEIN
h 78 NW

In O

timing Xn lim
no waning in N

im 0 O
N 7N

Ex
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are
04 93
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O
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Q Is an always
a

subsequence of xn
A No Not in previous example
Also if n an is 10,0 0

Tmt Given Xn INR
Lifo Xn exists limnfxn limsupx.sn

D

Furthermore if either of these
equivalent conditions holds

IBM limnfxn liqsy.ph



A few facts we will use inproof
DN of xn

n N sup Xn n N

also true if limrn and limsn
HWQIO If rhinconvergett
and rn sn Knew tianya.sn

Combining
and

timing n In DN ILAN lifypxh 720

We also observe
II Xn fissup xn n N

Hsa inf xn in N

ligning xn n N

linking



Pf Suppose Kon exists

Case1 To Xn 0

FIMER Then No sit No
ensures Xn M Thus

ano sup Xn in No M
Since an is decreasing N No

ensures an M Hence him an D

Thus limifxnelim.su n oN

which shows limxn liminfxn
figgpxent.hn

Case2 1 May a
time

Then ho xn o

byprevious
part limsup xn timing xn o

so limsup n timing n to



Cases Fox x for ER
Fix E 0 Then No St No
ensures EC Xn E Thus
a no sup Xn n No E

and Devoting xn in No 2X E
Since an decreasing bn increasing
N No
e bµ b an an xte

Thus him by LaN
x

FEE Tinsurpin
Now suppose Mikan xn

Case high linear o

Fixmer Then No s.t.AN.IM
sup Xn n No



Thus none Xn M
Hence hexne o

Cases gigantic a o

ByCase 1 I Xn α

Linen to

Cases lipid tinmgyxfxforxt.IR

Fix 70 Since 2 an Inbox
Ni Nz sit NIN ensures

x Eca te and N Nz ensures
x Ecb Next E Thus Nimax Ni Nz

ensures that fr n N
x ecbN Xn and xtE



Thus kimonix

We
already

saw that an
and bn are not subsequences
of xn However they are
closely related

the set ofsubsequential limits
ofAn

Tha Given Xn IN IR let
S SEE S is a limit of a

subsequence of xnThen limsup xn max s
n SW

limit n min s

Ex If xn h 5 90
If n f 11h 5 1 1



Prop HW8
Consider Xn IN R
i fix ER
he set n In Ke is infinite
for all E 0

is a subsequential limitofxn
i Xn is unbold above

I
N is a subsegential limitsxn

Iii xn is unbold below
I
N is a subsequential limitofxn


