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Lecture 16
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Lemma a is a fight lresp.fiht
acc point of XERI
Xn IN X a sit Xn a

nba

Def Given XER fix I
a afghtette pt of X LER
leftrate pt

the limit of f x as x approaches
a from the left is L if

from the right
Xn IN a st Xn a listen 1

n a

f








































Wedenote this as
fat

limff L Fedexa

limffxl LN IMa.fm
at

Def Given Xn
V R

limsupxn limsupxi.fign70 N 70

limingxni liminflxy.MNnow Nax

bn IN IR








































Lemma For
any

xn IN R
an is decreasing

and
bn is

increasing Hence

17am and findbn exist

Tmt Given Xn INR
Lifo Xn exists living in limsupxn

h D

Furthermore if either of these
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The HWA Consider Xn IN IR
i Fix ER

is a subsequential limit

E 0 n kn xke to

ii to is a subsequential limit
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n is unbounded above
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I
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The Given Xn IN I let
S se I S is a limit of a

subsequence of xnThen limsup in max s
n SN
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Pf
Step 1 We will show MSI Xnes

Caself I Pan 0

Then limsup xn timing n timing n o
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CaseI MIB Xn too

That is Is an to Fix
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MEIR Then No
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Thus n No ensures Xnette
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Step 2
Note that 158 xn MSI xn
Note that if Sis the set of
subsequential limits of xn
then S is the set of
subsequential limits of Xn
Thus since step 1 showed
FYI Xn E S we have
158 xn FYI NES

Step3
We will now show limsup xn and
liming xn are the largest andsmallest subsequential limits
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Application of timingand limsop sequential
characterization of use Isc

The Given XER fix R is

upper semicts at xofX
lower semicts

I
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I
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Fix Xn IN sit Xn Xo
Let an sup fan non
We seek to show so an f x

Fix EO
arbitrary

It suffices
to show that No sit N No
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shows In an f xo

Choose 8 0 as in the definition
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ensures An xoks hence
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Aw flxo E

Since an is
decreasing

N No

aneano fixate

Thus A holds

Assume G holds We seek
to show f is upper semicts
Fix 30 arb Assume for
the sake of contradiction
that 830 EX with
Ix xok8 but f x felt E
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f E Thus Is f flat e
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This is a contradiction This
f is upper semi continuous

Finally
the corresponding

characterization of Iscfollows from the fact that
f is Isc f is use

One last important property
of continuous functions
Tmt Intermediate ValueThm
Given interval IER f I R
st f is cts at x for all EI
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