






















































Lecture
Recall

The Well
Ordering

If x

is a nonempty subset of INmin x exists

The Archimedean Property
ta belR a bso ne

NS.t.nasbebathtub

Tspoon

Time Densityof
Gin IR

a beR with acb qEQ
sit a q b



Def Two nonempty sets X

and Y have the same

cardinality if there exists a

bijection between them
We will write 1 1 141

Def
For
any

NEIN write
121 2 3 n n 101 0

possiblyempty
Terminology Given a set
finite IX EINU 03

infinite if not finite

countable IX I IN or is finite
uncountable not countable



The Any subset of INis countable

Pf Suppose EIN If is

finite the result is immediate

Suppose is infinite Define
f IN X as follows
f 1 min x
f 2 min X f 11

f n min f i f 2 fin t

Bydefinition f is strict

increasing
n MEK flm



Thus f is injective

Furthermore for
any

EXEIN
there can be at most

finitely
many ytxs.t.yex.TT most

Thus f n x for some nex
This f is surjective
Therefore 1 1 INI



Ca Any subset of a countable set
is countable

Pf Suppose Y is countable and XEY
If Yfinite so is X hencethe result holds
Suppose IYFINI Then f Y IN

bijective Since f x IN fais
countable Since f X f x is

a bijection IX f x 1 so is countable
fix fix

The A
nonempty set

is

countable iff f IN

that is surjective



Pf
Suppose is countable If
1 1 1 NI f IN X bijective
so the result holds

Now suppose 1 1 4 for KEIN
x x2 Xk Let f N be

f l mine k This is

surjective which
gives

the result

Now assume f IN surjective
If X is finite the result is
immediate Assume is infinite



Defineg
X IN bygramin

f Ex

Note that
g
is injective since

gtxl gly min f min fly
f nf y
z sit flzky and flaky

x

y
Thus

g is surjective onto glxHence 1 1 191 71 Since glx IN

gal is countable Thus is

countable



Will return Assume 0

If g X IN that is

injective is countable

Q If
g
X IN that is

injective does there exist
f IN that is surjective
A Yes
Pf Since g glx is abijection

yeglx we may define
fly g lyThen fight X is a bijection

Fix of X If yeNgfx let flyly
Then f IN X is surjective



Prop de N INd IN Nx IN
is countable These

Prep Q is countable

Def Given a be o UIRUot
an interval between a and b
is a setof the formCa b
a b
a b
a b

Ex EO a I



Prop For a b
any

interval
between a and b is uncountable

Def A real valued sequence
is a function from IN intolR
written Sn for NEIN

The Let Ai Ay be a

countable familyof countablesets Then An is countable
n

If finitelymany
A1 Az AK defineAe Afor all LEIN with ltk.NL OG infinitelymany

Pf First if An NEIN An

the result is immediate so

we
may

assume An 0
for some nE IN



Next if Am for men
then we

may redefineAm An without
changingAn Thus we
may

assume

that An 0 KNEIN

Since An is countable forallne N
we may

list the elements as

a't ain ash finitefnite
If Ant K KEIN we define
aem am le IN l k

Define fllin all Then
f IN IN IS An is surjective



Since IN IN is countable a

bijection g
IN IN IN Thus

got IN 8 An is surjective
n 1

Thus I An is countable

Recall Propertiesof AbsoluteValue

Def For ER 1 1
if 20

CO
EEK

Tha For all x
y
afR a 0

lil Alca a ca

Iii 1 1 x1
Iii txyl lxllyl
Civility Ix lyl triangleiney



Legendf RedEmbersSection 10 Sequences
Ex
an 11

b 1 bn b

a

N 3

n

collection ofpointswithin distance E from

zero



Def A sequence an converges to
LEIR if SO NE NS.t
n N ensures Ian LKE
We call 2 the kit of an andwrite has an L

Recall Ix yl distance between1st andy

Def A sequence that does not
converge

to
any

LER diverge
h nolim.it



Ex an

We will prove k an l Fix

arbitrary
70

kE the
174 ICE
KE
CE
tent

Choose N Then n N
nt N so by scratchworkabove Ian IKE







Ection 11 Subsequences


