






















































Lecture 5

Office hours today 3
30 4 30pm

not tomorrow email questions
No class Wed next class Mon Apr22

This The limit of a sequence
is unique
An equivalent defnofconvergence

Altaf A sequence an converges
to LER if ESO Ian Ll E

holds for at most finitelymanyNEIN



Remark
Sometimes we will consider Sn
that are only definedfor ns.ufficiently arge

NS.t.NZN

Its limit is still well defined

We
maymodify finitely

many
elements in a

sequence
and the limiting behaviordoes not changeetherit

converges or

diverges



Kubseguenas

Def Given a sequence
Sn it is

increasing
in case n m she sm

strictly increasing
in case rem

snesm.SE

EIecsem
m ssnasm

reasing
in case nem spsm

monotone in case either
increasing

or decreasing

Def Given a sequence
sn for

any strictly increasing sequenceNk of natural numbers a

sequence of the form Snk is
a subsequence of Sn

ally



Informally a subsequence is

any infinite
collection ofelements from the original

sequence listed in order
r n

2

Ex Sn 0 1,0 cos II
4
1
y
2

Sniff 1 1 1 4 1 1
K
I 2

nk 2,4 2K

Lemma If n is a

strictly
increasing sequenceof naturalnumbers then Nic 2K KEIN



Tha If a sequence sn converges
to a limit LER then

every
subsequence also

converges
to L

12 The Algebra of Limits 1

The Limit of
Sam is Sumof Limit

If an and bn are convergent
sequences so is an bn and

1 Cantbul Liban this bn

The If c R and an is a

convergent sequence
so is can

and life can chef
I can CLKE tellan LKE yet

Ian Lk



Pf If c 0 can is the
constant sequence 10,0 0

__

and the result is immediate
Fix E 70

Suppose c 0 Since an converges
NS.t.n Nenswus

Ian LK I can clice
Thus I an cL

Lemma If an and bn converge
to

0 then an bn converges to
0

lanbn OK lanbnke
lantibnke



Pf Fix 70 Then Na Nb St

n Na lank 1
n Nb Ibnke
Let N max Na Nb Then n N
ensures

lanbul an lbn 1 Ibnke

The Limit of Product is ProductofLim
If an and bn

converge
then

so does anbn and
her an bn than an Iso bn

M

Pf Note thatan bn Can 2 brim an Mtbnl LM

convergingto TT Tm Tm Im



where we interpret the sequence
an L a L az L a L I

Note that 1 an L 0

Since the limit of sum is
sum of limitshmoanbn otlmtl.in LM LM

Lemma Suppose In an LER 0

Then
an 0 for all but finitelymany nIn convergeslines In



Scratch
Hn IKE I ICE

1428 cg inflict

IL ant Llant

K anken

reverseDineq

Kitanklan LK clan

Lt Ec

L n

n_
ten



Pf Fix E O Since an

converges
to LFO EKI to

so N s.tn Ni ensures
Ian l EH

Furthermore Nz sit n2Nz
ensures verse 0

14 tank an L a

Thus slant This shows an 0

for all but finitelymanyn
Furthermorefor N max Ni N2
n N ensures

Ian Ll 4 Ek land
Thus n N ensures se

I n Ll



Er If an and bn are

convergent sequences andHobn FO then It
converges

and a

Ex 1 272 IF
Since converges

to 0 8m 0

Since limit of sum is sum oflimits12 I 1 0 1

Since limit of reciprocal is recipro
of limit For m

Limo 2 n 2 1 2



113 Bounded Sequences

Def A sequence an is

badboe if ME Rst
an m new

boundedbelows if ME Rst
an 2m the N
bad if it is bounded above
and below

meanem

if MIO sit TIM nElN

The Convergentsequences are bounded



Pf Suppose an
converges

to L
Then NS.t.n N ensures
Ian Lk land 14 1

reverse Δ

tank 14H

Let Me max tail lad Ian it 121 1
Then lankm NEIN


