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Lecture 6

12 The Algebra of Limits 1

The Limit of
Sam is Sumof Limit

If an and bn are convergent
sequences so is an bn and

1 Cantbul Liban this bn

The If cer and an is a

convergent sequence
so is can

and Fo can c has an



The Limit of Product is ProductofLim
If an and bn

converge
then

so does anbn and
her an bn than an Iso bn

Er If an and bn are

convergent sequences andHobn FO then It
converges

and a



113 Bounded Sequences

Def A sequence an is

badboe if ME Rst
an m new

boundedbelows if ME Rst
an 2m the N
bad if it is bounded above
and below

meanem

if MIO sit TIM nElN

The Convergentsequences are bounded



Ex m

sin an 2

1 11h

This If an is bounded and
Like bn O then figganbn O

Scratch
lanbn OKE land bake

MlbnKE
Ibn c Elm

Pf Fix 70 Since an is bounded
M 0 sit Ian EM nE IN
FLOG MTO



Since 1Feb no NS.t.n
Nensureslbnk4mMlbnkE.Thuslanbn0l lanllbnke
Hence ligambre 0

114 Further Limit Theorems

The Suppose an bn are convergent
sequences with an bn for
all but finitelymany

ne IN
Then lies an fingbn

Of HW4



Inm Squeeze Suppose
an bn n

for all but finitelymany
ne IN

and live an lingen LER

Then lim bn L

bn
N f n

a e

he
a e n

añ



IDivergenteguenas
From now on consider an N I

resp divergence
The same definitionof convergence
applies to such sequencestto limit

However if an converges
R

antR for all but finitely
many

n e IN

Def
EIN

an diverges to α if MEIR
reensures an M

We write has an 0



an divergesto it MeR
NS.t.nzn ensures an m

We write has an 0

arms
M

In a

N
kN

Q divergence to diverges



Def Given a sequence an

theItexists if an converges

ordivergese.tt
v

Iran ER

The squeeze suppose an bn
for all but finitelymany

n

and the limits exist
Then linear Isbn

Pf On HW4 you will show theresult if both sequences converge



If an diverges to
o or

bn diverges to
to the result

is clearly true

Suppose an diverges to
too

We will show bn diverges to
α

Fix MER NS.t.MN
ensures mean Choose
N so that an Ebn n N
Let N Max N N Then
n N ensures Mean bn
Thus limo bn

It remains to show his bn a

Into an o See HW5



16 Monotone Seguenas and e

Recall

increasing an
c
anti Knein

decreasing an 7 anti nEIN
monotone if either increasing or

decreasing

Rmd
increasingsequences

are bold below
as long as as o

decreasingsequences are bold above
as long as as to









Since ant is a subseq of an

L n'In ant Lifo a an a L

If L O then 1 9 which
is a contradiction Thus 2 0

Suppose Kaco
Then hiatal 0 This

158 an 1 41 far 0

bold












