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Lecture 7

This If an is bounded and
Like bn O then figs an bn O

114 Further Limit Theorems

The Suppose an bn fare convergent
sequences with an bn for
all but finitelymany

ne IN
Then li.zan lifobn.IC HW4








































Inm Squeeze Suppose
an bn n

for all but finitelymany
ne IN

and limo an live.cn LER

Then kiss bn L

IIDivergenteguenas
From now on consider an N I

Def
an diverges to

α if MEIR
NS.t.n ensuresan7M

We write has an 0








































an divergesto it MeR
NS.t.nzn ensures an M

We write has an 0

Def Given a sequence an

theItexists if an converges
oardivergesf.tv

Iranek

The squat suppose an bn
for all but finitelymany

n

and the limits exist
Then lingane fission








































16 Monotone Seguenas and e

This All bounded
monotone sequences converge
Ex If lak 1 lingam 0

willdefineproperly
Other useful facts

soon

If a 0 Eh 1

converges as n toto

will return to him
Notation
If an is

increasing and

converges
to 2 an L

If an is decreasing and

converges
to 2 and








































The
All
increasingsequences

that are

unbounded above diverge to α

All decreasing sequences
that are

unbounded below diverge to o

PfSuppose an is an

increasing sequence that isunbounded above Fix MER
Then NEIN Sit An M
Thus n N an

2
an m

Hence Lifo an too

If bn is a decreasing sequence
that is unbounded below








































bn satisfies hypoffirst ballet This Is brits

Fix MER Then NE NS.t.n N

bn m bn am
Hence lingbn o

Rmt
If an is increasing

and not

identically
o then

unbold unbold above

If an is decreasing and not

identically
to then

unbold unbold below








































RmkSuppose an is monotone
1 an bold converges2 an unbold
A an increasing

a an a liman α

b unbold above liman to

B an decreasinga an to him
an

to

b unbald below liman o

Ca For
any

monotone sequence
an N R Lignan exists








































crow define e as

limit of a monotone sequence

Lemma For Each

Iff
Inti bn

bn tab tab
an bta

clefts
ntl bn








































The The
sequence

1 47
is
increasing

and convergent
The limit is denoted e

Pf First we show
increasing

By lemma for 0 Each
bⁿ b Inti b at canti

Take a It I D It to obtain

thin d ÉnH it
Now we show bdd above
Take a 1 b In Then

at KEEFE 1








































This gives1 2 11 214 4

increasing sequence
Thus the

sequence
is convergent

Ink 241 17 4 KNEIN
Thus et 2,43

YFIUP Dynamictnterpretati.cn
For j 1 nooftimestepsjIXj1 Xj inlHQsizeoftimestepfxz m 2
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Continuum limit
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17 Real Exponents
Goal For a 0 ER define a

Background rational exponents

The a o new there
exists b 0 sit bⁿ a

Denote b as a'm

Pf See J P Thm 7 5
Similar to case n 2 on HW

Ca aER NEIN odd
belR sit bn a Denote b as a'm



If Byprevious thmCER sit Ch al If azo
Cn laka and we are done
If aco let b c

Then b C c Inch cha

with no common now
factors

Def Fofang REQ ME
me NS.t r Define

xr M

for all sit is defined



The For all piqfQ ER
If 0

i 0 8 XP 8

ii XP p

iii Xy
P
XPyP ensures definition

iv XP 8 108 of it is indep
of expression ofr In me 2 NEIN

Iv If Oxcy p
0 then xRyPvi If x 1 and p q then XP

8
no common factors

Pf Let p ʰn q m KEZ
and mile IN

We will show i

e
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