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Lecture 9

Er For an IN IR monotone

has an exists

17 Real Exponents

Idea For
any

a 0 define
a as lim arm where rn IN a

1 a

satisfying rn x

The ER rn IN a

sit rn x



Lemma Suppose a 1 ER
and ru Sn IN Q sit
rn x snax Then
lime arm lines ash

note result clearly holdswhen a l

Def For any
a 1 XER defineat linear t

where rni.IN satisfies rn x

For
any

Osa l XER define
ax Hal

Time
For all a bER 70
i xatb xaxb
Ii E

a



Init Ayla xaya
iv a b ab

vi If Oxcy as 0 then
a

ya
Iv If 71 and a b then xa x

Rmk
Suppose v1 holds for Ocacb
So 71 xacxb x be x

a

Thus b4 a ensure x box 9

Pf We will show i Recall
that we

already
have shown

the result for a bEQ Now

suppose a be R Choose
rn Sn IN Q s.t.ru a Sn9b



Hence rntsn atb

By definition of real exponentsfor 1

ath has intsn L xn Sn

xaxb

For 02 4 we have 1 so
atb I

a b
I I b xaxb

by previous case

18 The Bolzano Weierstrass Thm
not nes true for

Recall For Sn IN IR
IN i

consider

convergent bounded snito iii



bounded and monotone convergent

the limit of a sequence an IN I
exists

the sequenceas an LER convergesto l

Isa an α

Is_an α

The Every sequence Sn IN IR
has a monotone subsequence

Pf We will say that the nthelement of a sequence is dominantif it is greater than every
element

that follows that is



Sn is dominant if snsm
m N

Casets Suppose sn has infinitely
many

dominant elements

Define say to be the subsequence

of dominant elementsThen Snk Snkt KEIN
so she is a decreasing
subsequence hence monotone

CaseISuppose sn has finitely
many dominant elements



Choose me so that she is

beyond all dominants elts
Since she is not dominant

nz sit Snz Sn1
Assume we have chosen Snk
not dominant with Suk Suk
Since snie not dominant
So Nkt so that Snkt Snk
and shat not dominant

Thus we have found a subseq
that is increasing hencemonotone

Thin Bolzano Weierstrass Everybounded sequence
has acnugtsubseq



Pf This follows immediately
from pret 1hm

Last important typeof sequence
19 The

Cauchy Criterion

Def an IN IR is a Cauchy
sequence

if ESO

NEIN s.t.mnNensureslanamkE

A convergent sequence bunchesup
around its limit

need to know
what limit is

ACauchy sequence bunches uparound itself
don't need to know limit



The All convergent real
valued sequences

are
Cauchy

Pf Assume an IN IR converges
to some LER Fix E 0

arbitrary
NS.t.MN ensures Ian L

Then min N
1am an 1am Ltl ant

Elam t.lt LanlcE
2 E

n

47 t

a I



Suprisingly the converse is

true

This is anotherway
to express the

fact that IR is a continuum
with no gaps

The All real valued Cauchy
sequences

are convergent

Pf Let an IN IR be Cauchy

Claim an is bounded
Given 2 1 NS.t.npm N
ensures 1am an 1 Thus AN
ensures lanklan an tank 1 land



Hence NEIN
lant max tail Ian it It lant

By Bolzano Weierstrass there
is a subseq any that converges
to some LER

Fix E 0 Since an is Cauchy
NS.t mm N ensures

1am an 1
Since ank converges

to L N
sit K N ensures

tank Ll
Thus choose K suff large
s t K N and nk N

Nstrictly increasing sequence of natural s



we have n N

Ian L Ian any any Ll

lan any lt tank 4LEETE

Rmk
Why don't

we defineThat it means for an extended
real valued seg

to be Cauchy

We've just shown that for
a real valued sequence

convergent Cauchy

Issues to D Cauchy chugt



130 Definition of the Limit of a Function

Ex
th

No no
I 1
a a

Def Given XER AER a is
an accumulation point of Xif 870 xe sit

04 91 8 or 8

Ex X qe Q 9 03 05
fine IN 6 0



Lemma a is an

accumulation pointof ER
Xn IN IR sit XnEX1 a

E new and xn a

Pf Suppose a is an ace point
Then NEIN Xne X a

sit In akin Thus xn a

Suppose I holds Fix 870

Bydefn of XnNS.t.octxnak8


