









































































































Homework 1 Solutions
CS 17 525

KatyCraig 2025

Bypart v ofThm from class Oct Oct
so it suffices to show ta
Note that a b a b

a.lt b b tab a tab bftp.ta
art be lb.tl ta 1 to 1 ta
51 its Is to ta SupposeIt rem

for the sake of contradiction that I ta
Then ta ab tala b
Em b a a ba 1 a 1 bEma b
which contradicts that a b Therefore
at

0



By part livi of the theorem fromclassO atb By A1 2 MD M2 DL

atb at b alat b blat b
a abtab b
a2 tab H1 b
a t Zabtb

so 0 a Zabtb Thus byCA11CAT A4 04

ZabEa2 2ab b2 Zab a2tb

Assume for the sake ofcontradictionthat a b By prop from class
REF sit barca By A41,104

r b 0 Let E r b Then by 41 4bt E btr b rca which
contradicts our hypothesis that
a Ebte for all ESO



Fix x
y
Qi so x ptqiandyp.fifor some pip qq EQ Since Q is

an ordered field either
1 pop
2 p p
3 psp
In cases 1 and 3 we have

xayand x y respectively In case 2

since Q is an ordered field either
A q q
B q qc q q
In cases A and C we have xayand x y respectively In case B

we have x y
Let x ptqi y p tq i and

z p q i for pipip qq.iq EQ
Suppose xEy and yez Then
there are four possible cases



1 pap i plop
12 pcp p p and q q
3 p p q q and p'cp
14 p p q q p p and'q q
The result now follows since Qisan orderedfield
In cases 1 3 we have pap so x z

In case 14 we have p p and

q q so x z

Qil fails property 105

Note that i Of 1 i 20 Oi 0

However 0 if i i since
i i 0 11 0 1 i 1 1 0 i Oto i

Note that lb Ea ensures a 20 Then
Ib a be a if b 0

b a if beo
a 0 b a if beo
a b o a if beo
a b a



By the triangle inequality for all
a b E F

lb a b a 1 alt la bl
Thus

I bl lal a bl
Since a b E F were arbitrary we also have
A al b b a la bl la b Elbital

Combining and by parta
I bl tall la bl

By 104

la b Ec cea be c b ceasbtc
In view ofpart it suffices to show

la bl b c a and a btc
for 20 arbitrary
To see this note that
la bl c a b c if a b

b a c it acb
a btc if asb
a b c if acb



Eye
and
a.IE otnisisthis is onlypossible if asb onlypossible if acb

insert



By definition f is surjective It
f n f m then Er 1 ETI
WIT ftp.ifeng m n 11 0 n

Thus f is injective

This follows from associativity and
commutativity of addition

Iii Recall that O 1 soby04 0Eithnefor any ae IN Therefore
mom m n o

ml n so

m n

iv f nm 11 É 1 Et 1 fin frm



Let
9
91

11 if ÉÉÑ
In the previous solution we showed that

a EIN a 0 Thus be IN bro

Since f IN IN is surjective
g is surjective If gla g

b then either
A g a g b

O g
a f a b

g
b

a b by injectivity off
B g

al
g
b o f a f b

a b byinjectivityoff
a b

C glal gb
0 a b o bydefnofgThus g is injective

To see ii note that a.be 2
Case 1 either a 0 or b o WLOG supposeb o so

glaltyb g
a to glato

Case 2 a 0 and boo The result followsfroma
Case3 a 40 and bro



glaltyb f a f b f a b g atb
Case 4 a and b have oppositesigns WLOG a o bo

Then gla g b f a f b
If a b let me at b n b so

f a f b f mtn f n m gatb
If ba let m b a n a so

f a fl b f n f mtn f m gatb
This shows gsatisfies ii

To see liii note that
acb b a o

g
b g

a

g
b a f b a 0

glat 9bg8 g a 0

g
a
g
b

Finally to see iv for a be 2
Case 1 either a 0 or b o

By ii we seeg
o 0

so glab g
o 0 g a g b



Case2 a and bhave same sign
Then glab f ab

ff
a f b it a b o

fl a ffb if a b 0

glalgb
Case3 a and b have opposite signs Whoa 0

Then glab flat b f a ff b galgb


