















































































































Homework 2 Solutions
5117

KatyCraig 2025

Define the propositions
Q1 Q2 Qe LEIN byQe Pe Itm

Then Q1 is true and for all
LEIN b Hmm so if Qe Pe Itm
is true then Qet Pie nm is

true Therefore by induction
Q1 Q2 Pm Pmty

are all true




















Homework 1 Solutions

KatyCraig 2023
Base case When n 1 we have 3 4.12 1

Inductive step Suppose 3 1 It 8m 51 422 n

Then 3 11 t 18m 5 186 1 5 4n2 n 186 11 5
4m nt 82 3 462 22 1 ht 17 46 15 Int
which completes the proof
Base case When nel we have 1 2 2 t
Inductive step Suppose it ft In 2 In
Then I t t t t Int Int 2 Int Ent
2 Intl Ent 2 Int which completes
the proof

Base case When n 2 we have 22 4 3 2 1

Inductive step suppose me ntl Then
Inti get 22 1 Int 1 Int 12 1 I
which completes the proof
Base case When n 4 we have 4 24716 4
Inductive step Suppose n n Then
2 1 nti n Int in By part Caln at 1 for all n 2 Therefore we

may continue
the previous inequality

to

obtain Intine Cnt11 Hence Intl all
which completes the proof

sooooooo



I p of
Assume for the sake of contradiction that
q p By the proposition from classthere exists re Q so that q r

p
Byassumption since r p we must
have qtr This contradicts the fact
that q r Therefore we must have

qEp

am as

AN
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mild notational difference replace ai with y i
Base case When nel tail flail
Inductive step Assume lactazt tank lait t la

By the triangle inequality as stated in

part with x ai tart tan and giant
lait azt tant anti I E la tart tant t lantil

By the inductive hypothesis the righthand side is bounded above bylait lait thank lant it which completes
the proof

mild notational difference replate S with

Bydefinition sup s s for all s es
Thus if sup 5 es it is the largestelement

of S and maxis sup s

Suppose S has a maximum Mo

By Q2 Mo sup s This contradicts
the fact that sup s S Therefore
S must not have a maximum

qox

Miiaai

ᵗ1gi

iioiifgp.gs

Mis an upper bound of SX If

M is an upper bound off thensince Mecognfition of maximum

ensures MES M

Thus M is the least upper
bound of S so M sup s

see






















































n I mum

Lets be an element of S Since

inf s is a lower bound for S
inf 5 Es Since sup s is an upper
bound for S se sup 5 Therefore
infls Esop S
We will show S info so there
is one element in the set Since

infls sups info is both an

upper and lower bound for S In

particular for any SES ing5 esand info es Thus info s for
all ses This shows Stings



mild notational change A B becomes

Since inflt is a'Tower bound for the
set T if Set then inf t is also

a lower bound for the set S

Since infls is the greatest lower
bound of S ing T E

ing s The
fact that sup 5 sup ITI follows from
an analogous argument The factthat infls

e sup s follows from 45

Since sup s is an upper bound for Sand supCT is an upper bound fort
Max sups supCTB is an upperbound for SUT Thus since sup out

is the least upper bound for S UT
sup SOT

E max SupaSUPER

By Q7 since SESUT and TESUT

we have sup S E supCS UT and

Sop T
E Sup SOT Thus

Max supCSI supCTI
E
supCS UT

Combining these two inequalities we

conclude Max supCSI supCTRsupsUT

E

youshouldwrite this
argument
ruse
Sand F
areduce to
what
youhave
alreadyhown



che mas i i 3

Since Sis bounded below F mo ER
St s mo USES This implies
Mo s USES so S is bounded
above

Since S is nonempty so is S Since
Sis bounded above by definition
of the real numbers it has a

supremum supts

Since supts is an upper bound for S

s sup1 S for all SES hence se sup 1 5

for all se S Therefore supt s is a

lower bound for S and it suffices to

show it is the greatest lower bound
for the sake of contradiction that

Suppose Mo is a lower bound for S
with mo supts As argued in
part mo is an upper bound for
S Furthermore mo supts
implies mo supts This is a

contradiction since supts is the least

upper bound for S

so



per for
Therefore sup1 s must be the

greatest lower bound of S

notational change At B becomes Stt

t

Step 1 Show that for all EET ing Stt t

is a lower bound for S

Bydefnof St T and the infimum
inf Stt is a lower bound for Stt so

s tt z
ing Stt s z ing Stt t for

all SES t ET Thus for all t ET

inf Stt t is a lower bound for S

Step 2 Show that inf Stt ing s is a

lower bound for T

ByStep 1 for all EET ing Stt t is
a lower bound for S By defn inflsis the greatest lower bound of SThus infls zings T t

t z ing Stt ing s for all t ET

after



Since infest T ing s is a lower
bound for T and inf t is the greatest
lower bound

inf
t
infest T ing sI

ing s
t

ing t
a ingestt A

It remains to prove the opposite inequality
Since inf S and infCT are lower bounds
for S and T for all se S and t ET

infls es and ing T et ingS ingestThus ing 5 t
ing T is a lower bound for

Stt Since inf Stt is the greatest
lower bound

inflatingCT sing Stt

Thus combining inequalities and
we obtain

infls t ing TF ing Stt O



slight notational change A S B T

Since set for all s ES and tet
anyt ET is an upper bound for S and

any
se S is a lower bound for t Hence

S is bounded above and T is bounded below

As shown in part any tet is an upper
bound for S Since sup s is the least

upper bound sup s Et for all t et Thus

sup s is a lower bound for T and since

info is the greatest lower bound

sup s E ing t

S O D T 1,2
5 10 1 T 1,2

Throughout we use s to denote the
set under consideration
Sup s T2 inf s E
sup s it infls I

sup s ing s I
S is not bounded above ing15 1

sup s 1 inf s O

O

oooo



I i ng
sup 5 1 ing s I
S E 1 D so sup s 1 and infest

sup s 1 infls 0
S is not bounded above ing s 0

S is not bounded above info 0
S is neither bounded above or below
S 03 so suplsting s 0

S is not bounded above infest 2
s

sup s info O

osteoma


