








































































tomework 5 Solutions
KatyCraig 2025
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Is a 272T Is 1 he

2
since the limit theorems sum product
ensure the numerator and
denominator each converge

and
the limit of the denominator is

nonzero
HE F In

line
n

0

since the denominator is
a positive sequence that
diverges to to

Since O tn
by

the
Squeeze

lemma Liz 0











































































Base case When n 1 s 12
Inductive step Suppose sn We aim to

show sn By definition sn i snt1

Since sn snt 122 so

Snt snt 1

This completes the proof

We aim to show snt Sn forall NEIN

By part sn so Esn s Thus

by definitionof the sequence
Snt snt 1 35 sn

which completes the proof
Since sn is a decreasing sequence
5125m neIN Since Sn neN
we have E sn S1 1 neN Thus
sn is a bounded decreasing sequence
Since all bounded monotone sequences
converge has sn s for some SER
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We will show hasnt s Fix Eso

By NS.t non ensures
Isn si E Thus Isn i s E
This shows his snties

By part and the limit theorems

s Is Snt Is anti 3 5 1

Thus 3s s so 5 2

We must show

ont sit set snail sit sat Sa on

which is equivalent to showing
sit sat smt s t.szt.tsmt ts.it sn

S t.is n sit tsn

Subtracting sit sn from both sides shows
this is equivalent to showing
Snt sit sn Multiplying

both sides

by n this is equivalent to nsnti sit tn

Since Sn is increasing Snt Si i l in
which gives the result
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First suppose limsn 0 By HW4 Q2
lim snl 0 so limsup Isnt limingsnl limisnko

Now suppose limsup Isn1 0 By definitionthis implies 15s an O where

an sup Isnt non Fix E O and choose
Noso that N No ensures an 01 E lanke

an CE since an is nonnegative In

particular anot E so by definition
of ano we have that no Not ensures
I snke Therefore to sn 0

Assume sn is a bounded

sequence
Then Mo sit Isn Mo

NEIN Hence sup lsnl n N Mo
NEIN Thus 1
Is sup lsnl.mn Mo so

limse Isnt Motto

Now assume lit B Isn to Recall that
limse Isnt Is supElsnl.mn an

Since an is a convergent sequence
it is bounded and Mo sit

lank Mo NEIN In particular
as Mo Isus snlin 1 Mo











































































so I snl max Isil Mo Thus sn
is a bounded sequence

False Consider Sn 172
Then lineupsmiling sup sn non

Is 2 2
However all odd elements of snare strictly less than 1.99

False Consider snb.tn
Since Sn is convergent
limasm b lines sn

However snob for all n

Define xn E As shown in class
12 is an irrational number Since Q is

a field the product of two rational
numbers is a rational number Since INE Q
and Xn n A Q we must have that
Xn Q so Xn is a sequenceof
irrational numbers

Claim time xn 0 We must show that































































8)

a) 0

b) 2

c) 0


for all Eso there exists NS.t NN

ensures Xn CE Note that

In En Ence Ecn
Therefore for all E o if we take N E
then for all n N Anke

Define me
t.IE Ldigtsog decimal
approximation of 52

Or more precisely we define
in by rn 112 109 10 where Las

represents the largest integer less than
or equal to a Then rntQ

Claim Horn 52 Note that

Irn 121 10 452 107 52 ion 10 n

and 10 n re ion logtern
Therefore for all ESO if we take
N logo then for all nN
Irn Il E



d) 2

e) 0+0 = 0

f) 0+2 = 2

g) 2+2 = 0

h) 2

i) 1

j) 3

k) 0


















































False Let sn 010,0 1
and tn tn Then sn tm for
all nein hence all but finitely
many

n However limsn limtn

False Consider an 11
This is neither

increasing
non

decreasing
Since anti but an bn

we have that an is an
increasing

sequence bounded above by Dm MEIN
and bn is a

decreasing sequencebounded below by am man Thus
both

converge
and we denote



their limits by a and b

Since an Ebm for all n m IN
an Eb and a Ebm n.me N
Thus a b and

a b anion


