
 Lecture 10

CS 117, S25

① KatyCraig ,
2025

Announcements :
· Makeup Lecture on Friday , May 9th,llam-12 :15pm

Recalli
-

Defi Given a sequence Su ,
HEN
,-

and a strictly increasing
Sequence Uk of natural
numbers

&
a sequence ofthe form Sn
,
is a

Subsequence of Su.



 Lemma : For
anystrictly increasing

sequence ofnaturalnumbers
nk , we have Nk = k # kEIN .

subsequential limitBef A-o oa sequence Su

real number or symbal
I g

that is the limit of some
subsequence of sn.

Tum : If a Sequence Su

converges to sett , then

every subsequence
also

converges to s



 Ihm Imain subsequencestheorem
Let Sn be a sequence.
(a) For tER

anyEt is a subsequential limitafs]
#
[he set En : Isn't E3 is

He
,
forall 330]infiniM E-another way of writing samening~

[NE> &
IEn :$n-tK (3) =+x]

tial limit(b) + x is a subsequen
E In is unbounded above

(c) -8 is a subsequential limit
# Sn is unbounded below



 Lemma :If Sn is unbounded
-

aboveen - m>,Knisn m3+o
iff

Question :

is (a)E) [the set ESnilsn-tE3
is infinite for all E30]

No.
Ex :

Su
= (1

,
1
,

1
, ---) ( t

=1

VETO
,
En : /sn-tkE3 =N

,
so

In : Isn-tkE31=+x
-530

,
ESu : Isn-tkE3= ESnineN3

= 1
,
so

ISSu : 1sn-t(23) =1 <+*.

OTOH "E" is true -



 Another Question : We have shown
Sn unbadabore

=> +m>, Kn : sn)m3l= +a

Is "E" true? Yes
.

ofMainSubsequent
Sn .

(a) Fix tEIR .

t-E[SuCt +E

#
-

Suppose FESO In : /sn-tkE31= + &
.&

WTS t is a subsequential limit

ISu &
I &

-

&
-

-
-

af- 2 - & &

t
I -

/

--------

↑



 Goal : show there exists a
subsequence Sup of Sn
satisfying
t-=Sup =t + * FkEIN

.

If we could find sucha
the Ssubsequence, gueaze

Lemma would then
lim

ensure kt Snk
#t

.

We will construct the subsequence
inductively.
For k= 1

,
Since/En : -1 Suct + Bl=+&

the set is nonempty
. Choose

* EEn: t-1sn <t+ B .
Let my : = Y ,

so Su = Su ·



 For k= 2 , Since /Emit-EntB+
Thus

,
there exists

neuit-nt+and
Let nz=, so Suz =Se

Suppose we have constructed
all elements in our subsequence
up to Snc-1 .

Since

1m : +-< Sn < ++51 = +a
&

7 meEnit-*Sn't + is .
t

. m>Uk-1
Let UK= M , so Sny

=Sm .

Thereforehosnit, so t is

asubsequential limit.

eow
, suppose tis a

subse
·

al limit
.
WTS FETO,quantiKn : Isn-tk[3) = +& .



 Fix E>O arbitrary Since t is
a subsequential , there
exists a subsequenQ Snk
that converges to t .

Thus
there exists & sit.I
ensures ISni-tKE .

In other
words

,

En : k= K3 = En : /sn'-tkE3.
Since the set on the LHS is

infinite , so is the set onthe RHS.

is infinite.

⑬
SupposeSu is unbounded
above. WTS J a subsequence
Sur St . Im Sn=



b Suppose Csn is unbounded above

Bythe lemma for all m O En S nom
is infinite Hence we

may
construct

a subsequence as followsChoose me so that she 1
C hoose nz so that Snz 2 and nz na

Choose nk So that Snk k and Nk Nk

Fix in 0 For k m Snk Koth
Since Fri was arbitrary i'Fsu Snk

to

Thus to is a subsegrential limit

Suppose Ito is a subsequent ial limit
Assume for the sake of contradictionthat sin is bounded above that is

there exists M Ost Sn EM for all
NEIN Take Snk sit HISSnk to

Then Snk EM for all KEIN This
is a contradiction

E Note that
Csn is unbounded below
I



Fsn is unbounded above
b

to is a subsequent ial limit of Sn

I
o is a subsequent ial limit of Snl g


