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Recall :
Thm /main subsequencestheorem-

Let Sn be a sequence. ath
(a) For

any
tER

t is[ a subsequential limitafs]
#
[he set En : Isn't E3 is

He
,
forall 330]infiniM E-another way of writing samening~

#E , IEn
:$n-tK 33) =+x]

tial limit(b) + x is a subsequen
E In is unbounded above

(c) -8 is a subsequential limit
# Sn is unbounded below



 Thm :

Every sequence has a-

monotone subsequence .

Immediate consequence
is...

T(Bolzano-Weierstrass) : All
bounded sequence have a↑

convergent subsequence .

↑
-

MAJORTHM 5
&

Of (that every hasa
psequence

monoture (i Fix ansubsequence
arbitrary Sequence Su
We will saythat the nth element
of asequence is dominant if it

-

is greater than every elementthat follows , that is, if

SuSm Fm=u .



 EaseI Suppose In has infinitely
many

dominant elements.

Define Snk to be the subsequence
of all dominant elements.
Then Sn Snk+ V KEI 3
So Snk is (strictly) decreasing
hence monotone

.

21 Suppose In has finitelydominant elements.
many
·Choose he so that Sun is

beyond all the dominant
elements in the sequence.
· Since Su1 is not dominant,
7 m>U1st . Sm7Sn1.
Let z= m , so Suz = Sm .



 
·

Suppose we have
constructed allelements

of our subsequence up to
SUR-11 so that it is

increasing &
Since Shky

is not dominant
,
7

--
M UK-1 St . SESNk - 1 .

Let 24
:= En

,
so Sus.

In this way , we have
constructed a subsequencethat is increasing
,
hence

montine. #

What is the connection

between subsequences and
limsup/liming?



 Downside : ingeneral ,
an
= supESn : n > N3

DN = infEsmin)N3 are not-
subsequences.
Upside :

Thm : For any Sequence su
,

limsupsn and limingSu
are the largest andsmallest subsequentiallimits.

Ex : Sn =(1)
tialThe set of subsequen

limits is S = 5-1
, 13

limsup Si = 1, limingsn -> 0



 fi
First

,
we will show that

limsupsn and liming In are
subsequential limits.
We will begin with limsupsn.

Kase 1 : limsupsn = -8 .
Since limingSn

= limsupsu ,
we have limingsn

= -w. Thus,
limsn= -8

,
so -D is a

subsequential limit.

Kase 2 : limsupsn =+o then&

lim an =+0. Hence , for
NES



 any m30 ,
7 No s.

t . N >No
ensures supEsu :

n>Nan -m .

If supEsrin>N3 = + a for
some N > No

,
then Esu : n >N3

is not bounded above , so
the sequence

must be

unbounded above.

OTOH
, if supESr :n>NBER,

since the supremum ofaset
is the least upper bound ,
we have thatMis not

-

an upper bound ofEsrin> N3,
so it can't be an upper
bound of Su. Since My
was arbitrary, Su isunbounded above

.



 By Main SubsegThm ,
to

is a subseg limit.

Ease3 :) /imsupsn = t for tel ,
so lim Ant .

Fix &30 arbitraryN7x t-E <Suct+ E

ByMain Subseg thm , itsuffices to showEn33is infinite to conclude thatt is a subseq limit .

Since lim .An t
,
7 Nost

.

N7x

N > No ensures law-tlE
=> supEsninN=a< ++ 3 .

Thus
,
for any fixed N> No

forall N , Suct + E.



 Assume
, for the sake ofcontradiction that

En : -E < Sn<t+ 33 is finite.
Since we know n>N

ensures Sut+E , there

must be NiTN for which
SuEt-E for all n> Ni .

-------
N------
Guaran that suthat-E forn

N

p
form



 Then An =SupESnin>N= -E1

But an is a decreasingThis contradictsSequence .

that lim an =
t.

N7x

This completes the proofthatIt is a subsequentiallimit.

Thus limsupSn is always
a subsequential limitof Sn
Furthermore since
- = limsup-su ,limingSu have alreby what we adyshown, is- liming Sn
a subsequentia limit of

-

Sn .



 Thus , liningSn is a
subsequential limitof Sn .

It remains to show that

limsup Sn and limingsm
are the largest/smallest
subsequential limits.

Suppose t is a subsequential
limit

,
so that there is

a subsequence Sup for whichline Sn
= t.

kex

Thus t= limsu Sn= limsupSn
= limingSn

= lingEsnik


